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Abstract 

Let A"* denote the linear space over K spanned by z*^, £ Z. Define the real inner product (with 
varying exponential weig hts) (■, •>£ : A* X A^K^R, {f,g)'-^fj^f{s)g{s) exp(-W V{s)) ds, WeN, where 
the external field V satisfies: (i) V is real analytic on R \ |01; (ii) lim|i-|^oo( V(x)/ ln(x^+l)) = +00; and (iii) 
lim|v|-,o(V(x)/ ln(x"^+l)) = +cx3. Orthogonalisation of the (ordered) base {l,z~^,z, z~^,z^, . . .,z~'',z'', . . .} 
with respect to (•, •)£ yields the even degree and odd degree orthonormal Laurent polynomials 
{<i!',„(z)!:=o: <p2ni^) = ^- • £!f' " > 0, and (^2„.i (z) = f^ri '2"""'+ ' ^^T-i > 0- Define 

the even degree and odd degree monic orthogonal Laurent polynomials: 712,1(2) := (^!f"')~^</'2«(z) 
and 712,1+1(2) := {^''^'^^'^^^)~^(p2„+i{z). Asymptotics in the double-scaling limit as X,)! — > cxj such that 
3sf/n = l+o(l) of 712,1(2) (in the entire complex plane), (f)2n(z) (in the entire complex plane), and 
Hankel determinant ratios associated with the real-valued, bi-infinite, strong moment sequence 
jcj; = ^ s* exp(— 3sf V(s)) dsj^ ^ are obtained by formulating the even degree monic orthogonal Laurent 
polynomial problem as a matrix Riemann-Hilbert problem on R, and then extracting the large- 
n behaviour by applying the non-linear steepest-descent method introduced in [1] and further 
developed in [2, 3]. 
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Laurent-Jacobi matrices. Fade approximants, parametrices, Riemann-Hilbert problems, sing- 
ular integral equations, strong moment problems, variational problems 
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1 Introduction and Background 

Consider the classical Stieltjes (resp., classical Hamburger) moment problem (SMP) (resp., HMP): given a 
simply-infinite (moment) sequence of real numbers {c„}^^q: 

(i) find necessary and sufficient conditions for the existence of a non-negative Borel measure fi^p 

(resp., /ijJJ^p) on [0, +oo) (resp., {-co, +oo)), and with infinite support, such that c„ = t" d|U^p(f), 

M e := {0} U N (resp., c„ = t" d/.(^p(f), n e ), where the (improper) integral is to be 
understood in the Riemann-Stieltjes sense; 

(ii) when there is a solution of the existence problem, in which case the SMP (resp., HMP) is 
determinate, find conditions for the uniqueness of the solution; and 

(iii) when there is more than one solution, in which case the SMP (resp., HMP) is indeterminate, 
describe the family of all solutions. 

The SMP was — first — treated in 1894/95 by Stieltjes in the pioneering works [4], and the HMP 
was introduced and solved in 1920/21 by Hamburger in the landmark works [5]. The subsequent 
development of the theory of moment problems brought forth the profoimd fact that, over and above 
the indispensable utility afforded by the analytic theory of continued fractions, in particular, S- and 
real /-fractions, the theory of orthogonal polynomials [6] played a seminal, intimate and central role 
(see, for example, [7]). 

Questions regarding two simply-infinite (moment) sequences (c„}„ez+ and {c-„]n€M of real num- 
bers, or, equivalently, doubly- or bi-infinite (moment) sequences {Cn}n€Z of real numbers, manifest, 
in various settings, purely mathematical and/or otherwise, as natural extensions of the foregoing. 
This generalisation is colloquially refered to as the strong Stieltjes (resp., strong Hamburger) moment 
problem (SSMP) (resp., SHMP), namely, given a doubly- or bi-infinite (moment) sequence (c„}„ez of 
real numbers: 

(1) find necessary and sufficient conditions for the existence of a non-negative measure /.i^p (resp., 

j.1^) on [0, +oo) (resp., {-co, +oo)), and with infinite support, such that c„ = t" dfi^p(i), n e Z 

(resp., c„ = J^^ t" djU^(f), n e Z), where the (improper) integral is to be understood in the sense 
of Riemann-Stieltjes; 

(2) when there is a solution, in which case the SSMP (resp., SHMP) is determinate, find conditions 
for the uniqueness of the solution; and 

(3) when there is more than one solution, in which case the SSMP (resp., SHMP) is indeterminate, 
describe the family of all solutions. 

The SSMP (resp., SHMP) was introduced in 1980 (resp., 1981) by Jones et al. [8] (resp., Jones et al. [9]), 
and studied further in [10-14] (see, also, the review article [15]). Unlike the moment theory for the SMP 
and the HMP, wherein the theory of orthogonal polynomials, and the analytic theory of continued 
fractions, enjoyed a prominent role, the extension of the moment theory to the SSMP and the SHMP 
introduced a 'rational generalisation' of the orthogonal polynomials, namely, the orthogonal Laurent 
(or L-) polynomials (as well as the introduction of special kinds of continued fractions commonly 
referred to as positive-T fractions), which are discussed below [10-21]. (The SHMP can also be solved 
using the spectral theory of unboimded self-adjoint operators in Hilbert space [22]; see, also, [23].) 

For any pair (p, (?) e Z x Z, with p<q, let A^^ {/ : C* ^ C; /(z) = E^p ^itz^ 'Ak^£,k = p, . . . ,q^, 

where C* :=C \ {0}. For any meZJ, set A^^, := A^,,, ,,,, A^ ^ A^,„_i,,„, and A^ := U,„,zj(AL ^ A^„,^i). 
A function (or element) / e A"- is called a Laurent (or L-) polynomial. (Note: the sets A^^^ and A"- form 
linear spaces over the field C with respect to the operations of addition and multiplication by a scalar.) 
Bases for each of the spaces A^^^, A^^^j^j, and A^, respectively, are {z~'",. . .,z"'}, (z~"'~^, . . .,z™}, and 
{const., z~^, z, z~^, z^, . . . , z~*, z^,...\ (the basis for A''- corresponds to the cyclically-repeated pole sequence 
{no pole, 0, oo, 0, oo, . . ., 0, oo, . . . }). Furthermore, note that, for each ^ / e A"-, there exists a unique 
/ e Zg such that / e Aj^ . For / e Z^ and * / e Aj^, the L-degree of /, symbolically LD(/), is defined as 



LD{f):=l. 
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For f = Y^j^-z. ^j^^ I set Cj{f) := Ay, ;eZ. For each /eZ^ and 0^ /e Aj-, define the leading coefficient 
of /, symboHcally LC{f), and the trailing coefficient of /, symbolically TC{f), as follows: 



LC(/): 



I A,„, 
I A-„j-i, 



and 



Am 



l = 2m, 
l = lm + l, 

l = 2m, 
l = lm + l. 



Thus, for /eZ+ and Q^feAf, one writes, for /:=/;(z): (1) if I = 2m, 



and (2) if / = 2m + l. 



/2„,(z) = rc(/)z-'"+ 

/2„,+i(z)=LC(/)z-'"-i 



■■■ + LC(/)z'"; 
+ --- + rC(/)z'". 



For /eZ+, 0^ /e Aj^ is called mo«zc if LC(/) = 1. 

Consider the positive measure on R (oriented throughout this work, unless stated otherwise, 
from -oo to +oo) given by 

d/J(z) = u5(z)dz, 
with varying exponential weight function of the form 

zv{z) = exp{-J<V{z)), KeN, 
where the external field V: R \ {0} ^ IR satisfies the following conditions: 

V is real analytic on ]R \ {0}; 
lim(v(x)/ln(x2 + l)) = +co; 

lhn{V(x)/ ln(x-2 + l)) = +co. 



(VI) 
(V2) 

(V3) 



(For example, a rational function of the form V{z) = Yy^^-im "^i^h pj.. e R, fc = -2)«i, . . . ,2m2, 
mi,2 e N, and Q-2muQ2m2 > would suffice.) Define (uniquely) the strong moment linear functional 
a by its action on the basis elements of A"-: L: A"- ^ A"-, / = T.kez.'^kz'' ^ ^if) •- ILkez^kCk, 
where ct = Ii{z'') = j|^s'^exp(-?^y(s))ds, {k,J^) e Z x N. (Note that, as per the discussion above, 

|cfc = J|^s'''exp(-Ky(s))ds, JvfeNj^^^ is a bi-infinite, real-valued, strong moment sequence: Ck is called 
the kth strong moment ofL.) Associated with the above-defined bi-infinite, real-valued, strong moment 



sequence {cfcltez are the Hankel determinants Hj'™', (m. A:) e Z x N [10, 11, 15, 17]: 



("0._- 



and 



Cm 
Cm+2 



Cm+1 
CiH+2 



Cm+k-2 
Cm+k-1 
^m+k 



Cm+k-1 
Cm+k 
^m+k+l 



^m+k-l ^m+k 



Cm+2k-3 C,„+2k-2 



(1.1) 



For any pair (p, (j) e Z x Z, with p<,q, let Aj^^ := |/ : C* ^ C; /(z) = Zl^^ AfcZ^ A^ e R, fc = p, . . . , and 
define, analogously as above, for m e Z+, A^„ := A\„, A^„^j := A^„,_i and A^ := U,„^z* (A^„ U A^„^j). 
(Note: the sets Ajf^ and A"^ form linear spaces over the field R with respect to the operations of 
addition and multiplication by a scalar; furthermore, A"^ (c A"-) is the linear space over R spanned 
by z', jeZ.) Hereafter, we shall be concerned only with (real) L-polynomials in A"^: the — ordered — 
base for A"^ is {1, z~^, z, z"^, z^, . . . , z~^, z^,. . . }, corresponding to the cyclically-repeated pole sequence 
(no pole, 0, oo, 0, oo, . . .,0, oo, . . .}. Define the real bilinear form as follows: (•, •)£ : A"^ x A^^^R, 
if'S) ^ </'^>x: := ^fiz)g{z)) = J^f{s)g{s)e-^^^''> ds, N. It is a fact [10,11,15,17] that the bilinear 
form thus defined is an inner product if and only if Hj^^^"'^ > and H^^^"'^ > V m e Zp (see 

Equations (1.8) below, and Subsection 2.2, the proof of Lemma 2.2.1); and this fact is used, with little 
or no further reference, throughout this work (see, also, [24]). 
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Remark 1.1. These latter two (Hankel determinant) inequalities also appear when the question of the 
solvability of the SHMP is posed (in this case, the Cjt, keZ, which appear in Equations (1.1) should 
be replaced by c^"""", e Z): indeed, if these two inequalities are true V m e Z^, then there is a non- 
negative measure /i^" (on R) with the given (real) moments. For the case of the SSMP, there are four 
(Hankel determinant) inequalities (in this latter case, the c^, fce Z, which appear in Equations (1.1) 
should be replaced by c^™"", keZ) which guarantee the existence of a non-negative measure /i^p (on 

[0, +oo)) with the given moments, namely [8] (see, also, [10, 11]): for each m e Zp , H^2jn"'^ ^' ^im+i ^ ^' 
^2nf'"^^^ > 0, and H^2m"'^ ^' ^ interesting to note that the former solvability conditions do not 

automatically imply that the positive (real) moments {c^™'')j:ezj determine a measure via the HMP: a 
similar statement holds true for the SMP (see the latter four solvability conditions). ■ 

If /gA'^, then 

\\m\c ■■={{/ J) l)''^ 

is called the norm of f with respect to Z: note that ||/(-)lk > V / e A"^, and ||/(-)lk > if ^ / e Ai^. 
{(pi{z)]n€Z+ is called a (real) orthonormal Laurent (or L-) polynomial sequence (ONLPS) with respect 
toi: if,V m,neZ^: 

(i) (pi e Af, that is, LDicj)^) --n; 

(ii) {(pl,cpl)c =0 V m^n', or, alternatively, </,(/)J',)t =0 V /eAjf,^; 

(iii) {(pl(pl)^=:\\ct>l(-)\\l = l. 

Orthonormalisation of { 1, z~^, z, z~^, z^, . . . , z~", z" , . . .], corresponding to the cyclically-repeated pole 
sequence {no pole, 0, oo, 0, oo, . . . , 0, oo, . . . }, with respect to (•,•)£ via the Gram-Schmidt orthogonal- 
isation method, leads to the ONLPS, or, simply, orthonormal Laurent (or L-) polynomials (OLPs), 
{(pm{z)]m€Z*/ which, by suitable normalisation, may be written as, for m = 2n, 

cP2„(z) = e:^z-" + - ■ ■ + 5!f"'2", 5!?"' >0, (1.2) 

and, for m = 2n + l, 

c/'2„.l(2) = Oz-«-l + ... + e"V, ^(^-;'>0. (1.3) 

The (b n's are normalised so that they all have real coefficients; in particular, the leading coefficients, 

LC{(p2n) '■= Slf"' and LC{<p2n+i) '■= i^^^l'^ > " ^ ' both positive, e}^^ = 1, and (po{z) = 1. Even though 

the leading coefficients, s}^"'' and 5^"^^^ n e Z^, are non-zero (in particular, they are positive), no 

such restriction applies to the trailing coefficients, TC{(p2n) '■= 5-"^ and TC{(p2n+i) '■= n e Zg . 

Furthermore, note that, by construction: 

(1) {(p2,uz')c =0, /=-«,.. .,n-l; 

(2) {(p2n+i,z')c=0, i=-n,...,n; 

(3) {(pj,(pk)L =^jk, i/fceZg, where 5jk is the Kronecker delta. 

Moreover, if, for each m e Z^, the orthonormal L-polynomials <p2m{z) and (p2m+\{z), respectively, are 

such that TC{<p2m) '■= 5?,',"^ and TC{(j)2m+i) '■= <£m'"^^' 0, then there are special Christoffel-Darboux 
formulae for the OLPs (see, for example, [12, 17]; see, also, [25]): 

r(2m) 2m-l 

(/)2m(Q(z<|)2,„-l(z)-C</'2™-l(C))-Cc/)2™-l(Q(</)2,„(z)-c/)2™(Q) = (z-Q4;^ E 'Pl^^^'Pi^O' 

^(2m+l) 2m 

(p2m{Q{Z(p2m+l{z) - C,<p2m+\{Q) - C(p2m+\{Q{(p2m{z) - (p2m{Q) = {z-Q "^^^^^ J^CpjizJcpjiQ, 

where (p-i (z) = 0, and (dividing by z - C and letting Q—^z) 

^ ^ ^(2m) 2m-l 

^2m(z)^(zc/)2,„-l(z))-Z(/)2„,-l(z) — (/)2m(z) = -p;f^ E ^^i^^^^^' 
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f(2ni+l) 2m 



(Z) — (Z(/)2m+l (Z)) - Z(/)2„,+l (Z) 



dz 



}2m 



(z) = . 



r(2m) 



It is convenient to introduce the monic orthogonal Laurent (or L-) polynomials, 7iy(z), ;eZg: (i) 
for = 2n, n e , with 7io(z) = 1, 



p"'^-i-v?,:;'z-"+---+z". 



7i2„(z):=c/,2„(z)(^r) 
and (ii) for ; = 2n + l, neZ^, 



7l2n+nZj.-Cp2n+nZj(4_^_j j -Z H |-V„ Z , 



,,(2n)_ r(2"),r(2»). 



,,(2n+l)._ r(2«+l) ,r(2«+l) 
'in / ''-fj-i ■ 



(1.4) 



(1.5) 



The monic orthogonal L-polynomials, 7iy(z), ;eZg, possess the following properties: 

(1) {n2n,zi)L=0, i = -n, . . . ,n-V, 

(2) (7i2H+i,zO£,=0, /=-«,...,«; 

(3) <7i2„, 7i2„>t ||7i2„(-)lli = («i'"V^ whence > = l/||7i2„(-)lk (> 0); 

(4) <7i2„+i, 7i2„+i)t =: ||7i2„+i(-)lli = (^-^-i V', whence s}!:^:^^^ = l/l|7i2„+i(-)lk (> 0). 
Furthermore, in terms of the Hankel determinants, h["'^, (m, fc) e Z x N, associated with the real- 



valued, bi-infinite, strong moment sequence |cj; = monic orthogonal 

L-polynomials, Uj{z), /eZp, are represented via the following determinantal formulae [10, 11, 15, 17] 
(see, also. Subsection 2.2, Proposition 2.2.1): for me Z^, 



7l2m(z) = - 



•(-2m) 



2m 



C-2m C_2m+1 
C-2m+l C_2m+2 



C-1 
Co 



-H/+1 



C-1 
Co 



Co 
Cl 



C2m-2 Z' 
C2m-1 Z 



m-1 



(1.6) 



and 



n2m+l(z) = - 



-2m) 

2lH+l 



C-21B-1 C_2m 
C-2»; C_2h,+1 



C-1 
Co 



Co 
Cl 



C-1 

Co 

Clm-l 
C2m 



-m-\ 



moreover, it can be shown that (see, for example, [15, 17]), for n e Z^ , 

^ ^ I u(-2") 



(2«) _ 



7l2„(-)lk 

(2») 



2n 



' r{2n) 
"Si! / 



M ^2«+l 



■(-2»+l) 
2n 



(2«+l) _ 



-H-l 



(-2n) 
2n 



(2,1+1) 



I|7l2n+l(-)lk 



r(2"+l) 



(-2h) 
2,1+1 



A fr(-2n-2)' 
N ^2,1+2 



(2,1+1) 
-»-l / 



Hi 



(-2,1-1) 
2,1+1 



(-2«) 
2n+l 



(1.7) 



(1.8) 
(1.9) 



For each m G the monic orthogonal L-polynomial 71,^(2) and the index m are called non-singular 

{v^"^^^ tn = 2f7 
v„ m = 2n + l; 
be seen that, for each m e Z^ : 



otherwise, n,„{z) and m are singular. From Equations (1.9), it can 



(i) 7i2m(z) is non-singular (resp., singular) if h'^^^"''^^^ + (resp., H! 



j(-2ffi+l) . 
^2ni 



0); 
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(ii) 7i2,„+i(z) is non-singular (resp., singular) if H^~f"r^' '^'^ (resp., h'[^^"'~^^ =0). 

For each me Z^, let /J2m :=card{z; 7i2m(z) = 0} and f/2m+i :=card{z; 7i2m+i(z) = 0}. It is an established fact 
[10,11, 17] that, for meZ+: 

(1) the zeros of 7i2m(z) are real, simple, and non-zero, and j.L2m ~ 2m (resp., lm-1) if 7i2m(z) is 
non-singular (resp., singular); 

(2) the zeros of 7i2n(+i(z) are real, simple, and non-zero, and }J.2m+i -2m + l (resp., 2m) if 7i2m+i(z) is 
non-singular (resp., singular). 

For each m e Zp, it can be shown that, via a straightforward factorisation argument and using 
Equations (1.6) and (1.7): 

(i) if 7i2m(z) is non-singular, upon setting [af"'\ k = l,. . ., 2wi| := {z; 7i2m(z) = 0}, 

2m 



k=l 



(ii) if 7i2m+i(z) is non-singular, upon setting laf'"'^^\ k-1,.. . ,2m + l\:-{z; 7i2m+i (z) = 0}, 



2m+l 



k=l 

Unlike orthogonal polynomials, which satisfy a system of three-term recurrence relations, monic 
orthogonal, and orthonormal, L-polynomials may satisfy recurrence relations consisting of a pair of 
four-term recurrence relations [15], a pair of systems of three- or five-term recurrence relations (which 
is guaranteed in the case when the corresponding monic orthogonal, and orthonormal, L-polynomials 
are non-singular) [15-17], or a system consisting of four five-term recurrence relations [23]. 

Remark 1.2. The non-vanishing of the leading and trailing coefficients of the OLPs {(pm{z)}'^^Q, that 
is. 



LC{cp,n):= 

and 

TC{cp,n)-- 



(4^"^ m = 2n, 

m=2n+l, 



lej^, m = 2n, 
Uf'^^^ m = 2n + l, 



respectively, is of paramount importance: if both these conditions are not satisfied, then the 'length' 
of the recurrence relations may be greater than three [16] (see, also, [24]). ■ 

It can be shown that (see, for example, [17], and Chapter 11 of [26]), if {nm(z)}mez+/ as defined 
above, is a non-singular, monic orthogonal L-polynomial sequence, that is, H2,^"^'^'' i=0 {m = 2n) and 
Hj"^^"^' T^O (m = 2« + l), then {Tim{z)]mez+ satisfy the pair of three-term recurrence relations 

7l2m+l(z) = 



n2m(z) + A5 ^7l2m-l(z), 



( 



— +6^ 
r2 



^ '"2m+2 



VK2m+l 



Tl2m+\ (z) + A2^^2"2m (z). 



where 7r_i(z) = 0, 



r2m ^-m ' Plm+l ' 
TT(-2m-l) jj-(-2m+2) tj(-2m-l) Tr(-2»;) 

^_"2m+l "2m-l , = - 2m+2 ^2m , 

"^2m+l j_^{-2m)j^(-2m+l) '^2m+2 ^(-2m)^(-2m-l) 

2m 2m 2m+l 2m+l 
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and Ajf}j-i/f}j > V / e N, with Ai := -c_i, leading to a tri-diagonal-type Laurent-] acohi matrix T for the 
'mixed' mapping 

J: AK^A^ /(2)H^(z-i(®:^odiag(l,0))+z(®-odiag(0,l)))/(z), 
where e;^^^ diag(l, 0) diag(l, 0, . . . , 1, 0, . . . ), and ®'^^^ diag(0, 1) := diag(0, 1, . . . ,0,1, . . .), 

-A\-li\ 1 

-aI-pI 1 



T=dms(l}l,p\,l}l,...) 



-4-^1 1 



2JI/+1 f 2JI/+1 

-A* -fi" 1 
2«(+2 r'2j7,+2 



with zeros outside the indicated diagonals (in terms of {</>m(z)}„,ez+, the pair of three-term recurrence 
relations reads [16]: 

(Z) = (Z +Q2m+l)(p2m{z) + hm+l(p 2m-l 
(z) = (1 + Q2m+2Z)cp2m+l (z) + hm+2(p2m (z), 

where hm+i,hm+2 *0,me Z+, (|)-i(z) s 0, and (j)o{z) = 1); otherwise, {n,n{z)]m€Z* satisfy the following 
pair of five-term recurrence relations [17], with 7i_y(z) s 0, /= 1, 2, 

7I2,K+2(Z) = 72m+2,2m-2"2H,-2(z) + 72m+2,2m-l "2m-l (z) + (z -h y2m+2,2n,)"2m (z) 

+ y2m+2,2»,+l"2'"+l(2)' 
7l2m+3(z) = 72m+3,2m-l "2«,-l (z) + y2m+3,2m"2m (z) + (z"^ + y2,„+3,2,„+l )"2m+l (z) 

+ y2m+3,2H,+2"2m+2(z), 

where yit = 0, k < 0, I ^ 2, leading to a penta-diagonal-type Laurent-] acobi matrix Q for the 'mixed' 
mapping 

9: A^^A^ g(z)h^(z(®-odiag(l,0))+z-i(®-odiag(0,l)))g(z). 



( -Y 

1 2,0 


' 2,1 


1 






-1> 
/ 3,0 


-1> 
' 3,1 


' 3,2 


1 


1 


-]> 
i 4,0 


-]> 
' 4,1 


-]> 
' 4,2 


-'<3 




-yb 
' 5,1 


-yl> 
' 5,2 


-yl3 


-yl> 
' 5,4 






' 6,2 




-yb 
' 6,4 



/ 2ii/+2,2ii/-2 / 2m+2,2m-l / 2m+2,2m i 2||/+2,2||/+1 



/ Im+S.lm-I t 2m+3,2tn i 2)|/+3,2)|/+1 / 2ii/+3,2ii/+2 



with zeros outside the indicated diagonals. The general form of these (system of) recurrence relations 
is a pair of three- and five-term recurrence relations [23]: for neZ^, 

Z(p2n+\ (Z) = i>\„+^(t>2n {z) + a\^^^(p2n+\ (z) + h\^^^^(p2n+2 (z), 
Z(p2n (Z) = c\j)2n-2 (z) + bl^(p2n-l {z) + (^^^(\>2n (z) + b\^^^(\>2n+\ (z) + C2„+2'^'2«+2 (z), 

where all the coefficients are real, Cp = bp = 0, and c^^^ > 0, fce N, and 



Z ^ <|)2« (Z) = iS^„(|)2n-l (Z) + a^„(|)2„ (z) + jS^,, , i(/)2„+l (z). 
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Z 1 (p2„+l (Z) = yl„+-^<p2n-l (Z) + Pln+1^2n (z) + al^^^(p2n+l (z) + ^\^^^^^2n+2{z) + y\n+3'p2n+3 (z), 

where all the coefficients are real, jSg = = 0, /sj > 0, and y\^^^ > 0, Z e N, leading, respectively, to the 
real-symmetric, tri-penta-diagonal-type Laurent-] acobi matrices, J' and "K, for the mappings 

a : A"^ ^ A'^, ;(z) i-^ z/(z) and %: A^, k{z) ^ z'^kiz), 



'a^ 

8 



■^2k+l 



2k+2 



'10 



2k+l 2/C+2 



2k+3 



2k+i 



and 



'K 



Pi 

jS** a" 

rl 4 



a" 



1 


?4 






Pi 












u 

«8 





2fc+l 



-^2i:+l 



2k+l 
2)(:+2 



-^2i:+2 



2;c+2 



y2k+3 
'^2k+3 



with zeros outside the indicated diagonals; moreover, as shown in [23], J7 and 7C are formal inverses, 
that is, J9C = 9C J = diag{l, . . . , 1, . . . ) (see, also, [27-31]). 

It is convenient at this point to discuss, if only succinctly, a few of the multitudinous applications 
of L-polynomials (complete details may be found in the indicated references): 

(1) as stated at the beginning of the Introduction, L-polynomials are intimately related with the 
solution of the SSMP and the SHMP. It is important to note [14] that the classical and strong 
moment problems (SMP, HMP, SSMP, and SHMP) are special cases of a more general theory, 
where moments corresponding to an arbitrary, coimtable sequence of (fixed) points are involved 
(in the classical and strong moment cases, respectively, the points are oo repeated and 0, oo 
cyclically repeated), and where orthogonal rational functions [26, 32, 33] play the role of orthogonal 
polynomials and orthogonal Laurent (or L-) polynomials; furthermore, since L-polynomials are 
rational functions with (fixed) poles at the origin and at the point at infinity, the step towards 
a more general theory where poles are at arbitrary, but fixed, positions/locations in C U {oo} is 
natural, with applications to, say, multi-point Pade, and Pade-type, approximants [24, 34-38]; 
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(2) in numerical analysis, the computation of integrals of the form /(s) d/i(s), where /,( is a positive 
measure on [a, b], and -oo < a < < +00, is an important problem. The most familiar quadra- 
ture formulae are the so-called Gauss-Christoffel formulae, that is, approximating the integral 

rb 

/(s) dj.i(s) via a weighted-sum-of-products of function values of the form I^^Li ■Ay,„/(xy>,), 
n e N, where one chooses for the nodes {Xy;„}J^j the zeros/roots of (pn{z), the polynomial of 

degree n orthogonal with respect to the inner product (/, g) = f{s)g(s) dju{s), and for the (posi- 
tive) weights {Aj^,i]"^-i the so-called Christoffel numbers [35]. When considering the computation 

of integrals of the form g{s^^) d/.((0), where g is a complex-valued fimction on the unit circle 
D := {ze C; |z|= 1} and /,< is, say, a positive measure on [-n, n], in particular, when g is continuous 
on D, keeping in mind that a function continuous on D can be uniformly approximated by L- 
polynomials, it is natural to consider, instead of orthogonal polynomials, Laurent polynomials, 
which are also related to the associated trigonometric moment problem [35,39] (see, also, [40]); 

(3) for y : R \ {0} ^ ]R as described by conditions (V1)-(V3), consider the function ^(z) = j^(l + 
sz)~^ dj[{s), where d/I(s) = exp(-?\f V(s)) ds, !N e N, which is holomorphic for z e C \ R, with 
associated asymptotic expansions 

CO CO 

B-^)V=--^"(-) ,(z)^^^=_ -2^(-l)"'c_„z-"'=:L-(z), 

m=Q m=\ 

where ci = s'e~^ ds, 1 e Z, with respect to the (unbounded) domain {z e C; £ < | Arg(z)| < n-e], 
where Arg(*) denotes the principal argument of *, and £ > is sufficiently small. Given the pair 
of formal power series (L°(z),L°°(z)), the rational fimction Pk,niz)/Qk,n{^), where Pj:,„(z) belongs 
to the space of all polynomials of degree at most n-1, and Qi:,n(z) is a polynomial of degree 
exactly n with Qk,n{0) + 0, is said to be a [fc/«](z) two-point Fade approximant to {L^{z),L°°{z)), 
/c e {0, 1, . . . , 2n], if the following conditions are satisfied: 

L-'(z)-Pt„(z)(Qt„(z))-i = 6){(z-i)2«-'^^i) . 

The 'balanced' situation corresponds to the case when k - n, in which case, the two-point 
Fade approximants are denoted, simply, as [n/n]{z). An important, related problem of complex 
approximation theory is to study the convergence of sequences of two-point Fade approximants 
constructed from the — formal — pair (of power series) (L°(z), I°°(z)) to the fimction g(z) on C \ R; 
in particular, denoting by £„(z) the 'error term' for the [n/n]{z) approximant, that is, £„(z) := 
g{z)-[n/n]{z), it can be shown that, following [41], 

£„(z) = (c/)„(-l/z)) ^ ds, zeC\R, (TFAl) 

where {(pmiz)]mez+ are the orthonormal L-polynomials defined in Equations (1.2) and (1.3). The 
main question regarding the convergence of two-point Fade approximants for this class of 
functions is with which rate it takes place, that is, the so-called quantitative result [42]: this 
necessitates obtaining results for the asymptotic behaviour (as n —> 00) of the orthonormal L- 
polynomials (pn{z) in the entire complex plane. The theory of orthogonal L-polynomials is a 
natural framework for developing the theory of two-point Fade approximants, for both the 
scalar and matrix cases [24, 41-44]; 

(4) it turns out that, unlike the (finite) non-relativistic Toda lattice, whose direct and inverse spectral 
transform was constructed by Moser [45], and which is based on the theory of orthogonal 
polynomials and tri-diagonal Jacobi matrices, the direct and inverse scattering transform for 
the (finite) relativistic Toda lattice, introduced by Ruijsenaars [46], is based on the theory of 
orthogonal L-polynomials and pairs of bi-diagonal matrices [47] (see, also, [48]); and 

(5) for a finite, countable or uncountable index set K, let {cp, p&K} c C+ := {z e C; Im(z) > 0}, with 
c,j) + Qq V p + q&K, and {(Dp, p e _K} c C be given point sets. A function 5(z) which is analytic for 
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z e C+, with Im(5(z)) > 0, is called a Nevanlinna function. The Pick-Nevanlinna problem is: find a 
Nevanlinna function so that (^(Cp) = cDp W p&K. A variant of this problem arises when, for 
J<C = N, the points Cp, peN, coalesce into the two points and oo (the point at infinity) according 
to the rule (;2i = 0, z e N, (;2j+\ = °°, j ^ ' ^^^en, the corresponding modification of the Pick- 
Nevanlinna problem is: given the bi-infinite sequence of numbers {Cp}pez, find a Nevanlinna 
function g(z) with the asymptotic expansions %{z) ~z^oo L^o ^i<z~'^ and 5(2) ~z^o L^i C-jtz'^ in 
every angular region {z e C; 6< Arg(z) <n-6], with 6 > 0. This modified problem is equivalent 
to the SHMP [49]. 

Now that the principal objects have been defined, namely, the monic OLFs, {Um{z)}„,ez+ 1 and OLFs, 
{<pm{z)}m€Z+7 it is time to state what is actually studied in this work; in fact, this work constitutes the first 
part of a three-fold series of works devoted to asymptotics in the double-scaling limit as !N, « ^ 00 such 
that Zo := 3\f/n = 1 +o(l) (the simplified 'notation' n — > 00 will be adopted) of L-polynomials and related 
quantities. From the discussion above, an understanding of the large-n (asymptotic) behaviour of the 
L-polynomials, as well as of the coefficients of the respective three- and five-term recurrence relations, 
is seminal in using the L-polynomials in several, seemingly disparate, applications: the purpose of 
the present series of works is, precisely, to analyse the n ^ 00 behaviour of the L-polynomials 7i„(z) 
and (p„{z) in C, orthogonal with respect to the varying exponential measure^ dfi(z) = exp(-ny(z)) dz, 
where V{z) :=ZoV{z), and the ('scaled') external field^ V: IR \ {0} — » R satisfies conditions (2.3)-(2.5) 
(see Subsection 2.2), as well as of the associated norming constants and coefficients of the (system of) 
recurrence relations; more precisely, then: 

(i) in this work (Fart I), asymptotics (as n ^ 00) of 7I2h(z) (in the entire complex plane) and £,''^"\ thus 
<p2n{z) (cf. Equation (1.4)), and the Hankel determinant ratio h'^^"^ /h'^^"^ (cf. Equations (1.8)) 
are obtained; 

(ii) in Fart II [51], asjnnptotics (as n —> 00) of 7r2n+i(z) (in the entire complex plane) and thus 

(p2n+i(z) (cf. Equation (1.5)), and the Hankel determinant ratio H2jj^"V^J2n+2 ^' Equations (1.8)) 
are obtained; 

(iii) inFart III [52], asymptotics (as n ^ cx,) of v^f (=H^^^"-'^ /H^^'"^) and (= / H^'^'^) 

and n'"i af (= v?,?), and Utt' «f "^'^ "(vf ^'V^), as well as of the (elements of 

the) Laurent-Jacobi matrices, S and 'K, and other, related, quantities constructed from the 
coefficients of the three- and five-term recurrence relations, are obtained. 

The above-mentioned asymptotics (as n —> 00) are obtained by reformulating, a la Fokas-Its-Kitaev 
[53,54], the corresponding even degree and odd degree monic L-polynomial problems as (matrix) 
Riemann-Hilbert problems (RHFs) on R, and then studying the large-n behaviour of the correspond- 
ing solutions. The paradigm for the asymptotic (as « — > 00) analysis of the respective (matrix) RHFs 
is a union of the Deift-Zhou (DZ) non-linear steepest-descent method [1,2], used for the asymptotic 
analysis of undulatory RHFs, and the extension of Deift-Venakides-Zhou [3], incorporating into the 
DZ method a non-linear analogue of the WKB method, making the asymptotic analysis of fully 
non-linear problems tractable (it should be mentioned that, in this context, the equilibrium measure 
[55] plays an absolutely crucial role in the analysis [56]); see, also, the multitudinous extensions and 
applications of the DZ method [57-79]. It is worth mentioning that asymptotics for Laurent-type 
polynomials and their zeros have been obtained in [42,80] (see, also, [81-83]). 

This article is organised as follows. In Section 2, necessary facts from the theory of compact 
Riemann surfaces are given, the respective 'even degree' and 'odd degree' RHFs on R are stated and 
the corresponding variational problems for the associated equilibrium measures are discussed, and 
the main results of this work, namely, asymptotics (as n 00) of 7i2n(z) (in C), and ^Jf"^ and (p2n{z) 
(in C) are stated in Theorems 2.3.1 and 2.3.2, respectively. In Section 3, the detailed analysis of the 
'even degree' variational problem and the associated equilibrium measure is imdertaken, including 



1 HI — CVCIL, 

Note that LD(n,„) = LD{cpi„) = < coincides with the parameter in the measure of orthogonality: the 

I2i! + 1, m = odd, 

large parameter, n, enters simultaneously into the L-degree of the L-polynomials and the (varying exponential) weight; thus, 
asymptotics of the L-polynomials are studied along a 'diagonal strip' of a doubly-indexed sequence. 

^For real non-analytic external fields, see the recent work [50]. 
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the construction of the so-called ^-function, and the RHP formulated in Section 2 is reformulated as 
an equivalent, auxiliary RHP, which, in Sections 4 and 5, is augmented, by means of a sequence of 
contour deformations and transformations a la Deift-Venakides-Zhou, into simpler, 'model' (matrix) 
RHPs which, as « ^ oo, and in conjunction with the Beals-Coifman construction [84] (see, also, the 
extension of Zhou [85]) for the integral representation of the solution of a matrix RHP on an oriented 
contour, are solved explicitly (in closed form) in terms of Riemann theta fimctions (associated with 
the underlying finite-genus hyperelliptic Riemann surface) and Airy functions, from which the final 
asymptotic (as n oo) results stated in Theorems 2.3.1 and 2.3.2 are proved. The paper concludes 
with an Appendix. 

Remark 1.3. The even degree OLPs, (p2n (z), n e , are related, in a way, to the polynomials orthogonal 
with respect to the varying weight w{z) := z~^" exp{-J^V{z)), [JV e N: this follows directly from the 
orthogonality relation satisfied by (p2n{z)- This does not help with any of the algebraic relations, 
such as the system of three- and five-term recurrence relations; however, this does provide for an 
alternative approach to computing large-n asymptotics for (/J2«(z). The connection is not so clear for 
the odd degree OLPs, (pm+iiz), n e Z^. Indeed, in this latter case, the associated (density of the) 
measure for the orthogonal polynomials would take the form d/.((z) :=z"^"~^ exp(-3Nf V{z)) dz, and this 
measure changes signs, which causes a number of difficulties in the large-n asymptotic analysis. In 
this paper, these connections are not used, and a complete asymptotic analysis of the even degree 
OLPs is carried out, directly. ■ 



2 Hyperelliptic Riemann Surfaces, The Riemann-Hilbert Proble- 
ms, and Summary of Results 

In this section, necessary facts from the theory of hyperelliptic Riemann surfaces are given (see 
Subsection 2.1), the respective RHPs on ]R for the even degree and odd degree monic orthogonal 
L-pol5momials are formulated and the corresponding variational problems for the associated equi- 
librium measures are discussed (see Subsection 2.2), and asymptotics (as n — > oo) for 712,, (z) (in the 

entire complex plane), and ^Jf"' and c^2h(z) (in the entire complex plane) are given in Theorems 2.3.1 
and 2.3.2, respectively (see Subsection 2.3). 

Before proceeding, however, the notation/nomenclature used throughout this work is sum- 
marised. 



[Notational Conventions J 

(1) I = ( J 5 ) is the 2 X 2 identity matrix, = ( « J (J2 = ( ? 0' ) ^nd = ( J _0j ) are the Pauh matrices, 
cr+ = ^ [j 1 ^ and a- = ( ^ ) respectively, the raising and lowering matrices, = ( g )' ^± l''^ ^ 
R; ±x > 0}, C± := (z e C; ±Im(z) > 0}, and sgn(x) := if x = and x|x|"^ ifxi^O; 

(2) for a scalar co and a 2x2 matrix T, a)'"'("')T:= w'^^To;""^ ; 

(3) a contour !D which is the finite union of piecewise-smooth, simple curves (as closed sets) is said 
to be orientable if its complement C\!D can always be divided into two, possibly disconnected, 
disjoint open sets O""" and 13~, either of which has finitely many components, such that !D admits 
an orientation so that it can either be viewed as a positively oriented boundary £)"•" for U""" or as 
a negatively oriented boundary !D~ for 13~ [85], that is, the (possibly disconnected) components 
of C \ £) can be coloured by + or - in such a way that the + regions do not share boundary with 
the - regions, except, possibly, at finitely many points [86]; 

(4) for each segment of an oriented contour D, according to the given orientation, the "+" side 
is to the left and the "-" side is to the right as one traverses the contour in the direction of 
orientation, that is, for a matrix J?[,y(z), i, j = 1,2, (J5^y(z))± denote the non-tangential limits 
(^,7(z))±:=lim Jl^jiz'); 

z' e±sideofZ) 

(5) for 1 <p < 00 and !D some point set, 

^lAC)(^y-=if-- 2)-M2(C); ||/(-)IU,^^^^^(«):=(£^|/(z)ndz|J '^cx,!. 
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where, for Jl{z) e MjCC), \Jl{z)\ := {Y.lj=i^,j{^)^ij{^)Y^^ is the Hilbert-Schmidt norm, with 
denoting complex conjugation of •, for p = oo, 

^M.(C)(^):={^: D^M2(C); llg(-)llxs,,,(2)):=max sup|g,(z)|<cx,|, 

and, for /eI+X^^(C)(2)):= jl+/z; he£l^^^^^{D)], 



1/2 



(6) for a matrix J?l,j(z), i,] = 1,2, to have boundary values in the £.-^^^p^{!D) sense on an oriented 
contour D, it is meant that hm L \Jl{z') - {J{{z))J'^ \dz\ = (e.g., if £) = R is oriented 
from +00 to -oo, then Jl{z) has X^^^^^^iD) boundary values on D means that limj \.^{x+ie)- 
(^(x))j2dx = 0); 

(7) for a 2 X 2 matrix-valued function '?)(z), the notation ?}(z) =z^zo means t)ij{z) =z^zo 0{*ij), 
i, i = l,2 {mutatis mutandis for o(l)); 

ll^«lln..x;,,(.) - 1:^./ with card(/) < oo; 

(9) yV(i(]R) denotes the set of aU non-negative, boimded, imit Borel measures on R for which all 
moments exist, 

Mi(]R):=|f(; J di.i{s) = l, J s'" dfi(s)<oo, meZ\{0}|; 

(10) for (|U, v) e R X R, denote the function (• - /,/)"' : C \ (-oo, ^ C, • i-^ exp(iv ln(» -/./)), where In 
denotes the principal branch of the logarithm; 

(11) for y a null-homologous path in a region 2) c C, int(y):=|ceD \y; indj;(Q:=^ ^ '^oj' 

(12) for some point set D c ?(, with = C or R, :=£) U dD, and & -X \ D. 



2.1 Riemann Surfaces: Preliminaries 

In this subsection, the basic elements associated with the construction of hyperelliptic and finite genus 
(compact) Riemann surfaces are presented (for further details and proofs, see, for example, [87,88]). 

Remark 2.1.1. The superscripts and sometimes subscripts ±, in this subsection should not be 
confused with the subscripts ± appearing in the various RHPs (this is a general comment which 
applies, unless stated otherwise, throughout the entire text). Although C (or CP^) := C U {oo} (resp., 
R:=RU {-oo} U {+oo}) is the standard definition for the (closed) Riemann sphere (resp., closed real 
line), the simplified, and somewhat abusive, notation C (resp., R) is used to denote both the (closed) 
Riemann sphere, C (resp., closed real line, R), and the (open) complex field, C (resp., open real line, 
R), and the context(s) should make clear which object(s) the notation C (resp., R) represents. ■ 

Let N e N (with N < oo assumed throughout) and e R \ {0, ±oo}, = 1,. . .,2N + 2, be such 
that + Qj'i i + i = 1, . . .,2N + 2, and enumerated/ordered according to ci < 52 < ■ ■ ■ < (^in+i- Let 
^(z) '■= n/li(z-<;2y-i)(z-i;2/) G ]R[z] (the algebra of polynomials in z with coefficients in R) be the (imital) 
polynomial of even degree deg(R) = 2N+2 (deg(R) = (mod2)) whose (simple) zeros/roots are {Qj}^^^^. 

Denote by 3? the hyperelliptic Riemann surface of genus N defined by the equation - R{z) and 
realised as a two-sheeted branched (ramified) covering of the Riemann sphere such that its two sheets 
are two identical copies of C with branch cuts along the intervals (ci, 52), {qs, Gi), ■ ■ • , (<;2N+i/ <;2N+2)/ and 
glued/pasted to each other 'crosswise' along the opposite banks of the corresponding cuts {Qij-i, Qij), 
i - 1, . . .,N + 1. Denote the two sheets of Jl by 'JV' (the first/upper sheet) and Jl~ (the second/lower 
sheet): to indicate that z lies on the first (resp., second) sheet, one writes z^ (resp., z~); of course, as 
points in the plane C, z""" = z~ = z. For points z on the first (resp., second) sheet 31^ (resp., one 
has z+ = (z, +(R(z))i/2-) (resp., z" = (z, -(R(z))i^2)), where the single-valued branch of the square root is 
chosen such that z-^^^'^\R(z))^'^ -^^^ ±1. 

ze3!± 
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Let £y := (C2y-i,e2/), / = 1,...,N+1, and set £ = U^J^gy (note that £, n £y = 0, / j = l, . . + 
Denote by £| (c CR"^) (resp., £~ (c Dl")) the upper (resp., lower) bank of the interval £y, ]=!,..., N+1, 
forming £, and oriented in accordance with the orientation of £ as the boundary of C \ £, namely, 
the domain C \ £ is on the left as one proceeds along the upper bank of the jth interval from (;2j-i to 
the point g2j and back along the lower bank from g2j to (;2j-i', thus, £j' :- {Q2j-i, QijY, 7 = 1/ ■ • ■ / N+ 1, 
are two (identical) copies of {Q2j-\, Qij) c IR 'lifted' to 3^=". Set T := UpjiPy (c "X), where Yj := £| U £", 
= 1, . . . , N+ 1 (r = £"^ U £~): note that F, as a curve on 51 (defined by the equation = R{z)), consists 
of a finitely denumerable number of disjoint analytic closed Jordan curves, Tj, /=!,.. .,N+1, which 
are cycles on % and that correspond to the intervals £y. From the above construction, it is clear that 
5i = Ji^U3i~UT; furthermore, the canonical projection of F onto C (n : 31 C) is £, that is, 7i(F) = £ 
(also, n{Ji^) = n(5i~) = C \ £, or, alternately, 7i(z"^) = n{z~) = z). One moves in the 'positive (+)' (resp., 
'negative (-)') direction along the (closed) contour F C 31 if the domain 3?""" is on the left (resp., right) 
and the domain 3?~ is on the right (resp., left): the corresponding notation is (see above) F""" (resp., 
F~). For a function / defined on the two-sheeted hyperelliptic Riemann surface % one defines the 
non-tangential boundary values, provided they exist, of /(z) as z e 31^ (resp., z e 3?" ) approaches A e F, 
denoted A+ (resp., A-), by /(A±) :=/±(A) :=lim2^A /(z). 

ier± 

One takes the first N contours among the (closed) contours Fy for basis a-cycles {tty, ] = !,.. .,N] 
and then completes/supplements this in the standard way with j3-cycles {/Sy, j =1, . . . ,N] so that the 
intersection matrix has the (canonical) form akoaj = Pi^o p. = V k + ] = !,.. .,N, and a/fO|Sy = 6;cy: the cycles 
[aj, jSy), ; = 1, . . . , N, form the canonical 1-homology basis on "R, namely, any cycle y c 3? is homologous 
to an integral linear combination of (ay,)Sy}, that is, y = Y/j'^iinjaj + mj^j), where {nj,mj) e Z x Z, 
i = l,.. .,N. The a-cycles {Oj, ] = !,... ,N], in the present case, are the intervals {(;2j-i, Qij), i = ^, ■ ■ ■ ,N, 
'going twice', that is, along the upper (from <;2y-i to C2y) and lower (from C2y to (;2y-i) banks (ay = £| U £~, 
. ., N), and the /S-cycles {/S^, j=l,...,N] are as follows: the jth /S-cycle consists of the a-cycles a^, 
k- . . . ,N, and the cycles 'linked' with them and consisting of (the gaps) {c;2k, Q2k+i), k=l, . . . ,N, 
'going twice', that is, from g2k to Q2k+i on the first sheet and in the reverse direction on the second sheet. 
For an arbitrary holomorphic Abelian differential (one-form) (o on 3?, the fimction J' co is defined 
imiquely modulo its a- and jS-periods, co and ^ <y, = 1, . . . ,N, respectively. It is well known 

that the canonical 1-homology basis {aj,Pj}, j - 1, . . .,N, constructed above 'generates', on % the 
corresponding a-normalised basis of holomorphic Abelian differentials (one-forms) {coi, C02, ■ ■ ■ , con], 

where (Dy :=Ljc=i Ij^) dz,Cjk^C, j-l, . . .,N, and ^ a}j = bkj,k, j=l,...,N: the associated NxN matrix 
of )3-periods, t = {Tij)i,j=i,...,N '■-{% ^i] ' is a Riemann matrix, that is, it is symmetric (T,y = Ty,), pure 

VP/ )i,j=l,...,N 

imaginary, and -It is positive definite (Im(Tyy) > 0); moreover, t is non-degenerate (det(T) 0). From 
the condition that the basis of the differentials coi, / = 1, . . . ,N, is canonical, with respect to the given 
basis cycles \aj,^-], it is seen that this implies that each coi is real valued on £ = UpJ^(c2y-i, C2y) and 
has exactly one (real) root/zero in any interval (band) (c2y-i, c,2j), i = ^, ■ ■ ■ ji^l; moreover, in the 

'gaps' {g2j, Qij+i), i ■ ■ ■ /N, these differentials take non-zero, pure imaginary values. 

Fix the 'standard basis' 61,62, ■■■ ,6^ in M'^, that is, {ej)k = bjk, /, fc = 1, . . . , N (these standard basis 
vectors should be viewed as column vectors): the vectors 61,62, ■ ■-, 6n, tCi, T62, ■ ■■, reN are linearly 
independent over ]R, and form a 'basis' in C'^. The quotient space / {N+zM}, (N, M) e x Z^, where 
Z^ •- [(^im, m2, . . . , fttjv); mjeZ, ] = !,..., N], is a 2N-dimensional real torus T^'^, and is referred to as 
the Jacobi variety, symbolically Jac(3^), of the two-sheeted (hyperelliptic) Riemann surface 3? of genus 
N. Letzp be a fixed point in 31. A vector-valued function yi(z) = (yii(z),yi2(z), . . .,yiiv(z))ejac(3?) with co- 
ordinates Ak{z) = ^ cok, k = l, . . . ,N, where, hereafter, unless stated otherwise and/or where confusion 
may arise, = denotes 'congruence modulo the period lattice', defines the Abel map A: 31^ Jac(3?) . The 
imordered set of points zj, Z2, . . . , z^j, with z^ e % form the Nth symmetric power of % symbolically 
3^^mm (or §^^31). The vector function VL = (Ui, II2, . . . , Un) with co-ordinates Hy = Uj(zi,Z2, . . ■,zn) = 

Lk=i Afe) = Lk=i a)j,i = l,...,N, that is, (zj, Z2, . . . , zn) -> iT.k=i ^^i' Lk=\ £' c^2, • ■ • , Lk=\ £" '^n), 
is also referred to as the Abel map, U: R^^^^ Jac(3?) (or U: S^Jl Jac(3?)). It is known (see, for 
example, [89]) that the Abel map U: 3l^min ~^ Jac(3?) is surjective and locally biholomorphic, but 
not injective globally. The dissected Riemann surface, symbolically % is obtained from 3? by 'cutting' 
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(canonical dissection) along the cycles of the canonical 1-homology basis djc^j., k = 1, . . . ,N, of the 
original surface, namely, 3i = 5{ \ (U^^(£ty U jS^)); the surface 3? is not only connected, as one can 'pass' 
from one sheet to the other 'across' Fjv+i, but also simply connected (a 4N-sided polygon (4N-gon) 
of a canonical dissection of 3? associated with the given canonical 1-homology basis for 3?). For a 
given vector V = (ui, V2,-.-, un) £ Jac(lK), the problem of finding an unordered collection of points 
Zi, Z2, . . . , zjv, Zje% i = l, . . . ,N, for which Uk{zi, Z2, . . . , Zjv) = Vk,k = l, . . . ,N,is called the Jacobi inversion 
problem for Abelian integrals: as is well known, the Jacobi inversion problem is always solvable; but 
not, in general, uniquely 

By a divisor on the Riemann surface 3? is meant a formal 'symbol' d = z^'^^^'^ z^'^^^^ ■ ■ ■ z"l^^"'\ where 
Zj e 5i and M/(zy) e Z, j = 1, . . . ,m: the number \d\ := YljLi "/(zy) is called the degree of the divisor d: if 
Zii^Zj V i + j = l, . . . ,m, and if n f{zj) ^0, ] = !,... ,m, then the divisor d is said to be integral. Let ^ be a 
meromorphic function defined on H: for an arbitrary point ae% one denotes by n^{a) (resp., the 
multiplicity of the zero (resp., pole) of the function g at this point if a is a zero (resp., pole), and sets 
ng{a) = (resp., Pg{ci) - 0) otherwise; thus, ng{a), Pg{a) > 0. To a meromorphic function g on % one assigns 

the divisor (g) of zeros and poles of this function as (g) ^ z'l'^''^ z'f'^ ■ ■ ■ z'^f'^^A'/'^^'^A'/''-^'^ ■ ■ ■ Al^'^^"\ 
where z„ Aj eJl, i = 1, . . . ,h, j = 1, . . . , I2, are the zeros and poles of g on % and ng(z,), Pg{Aj) > are 
their multiplicities (one can also write {{a, ng{a), -pg{a)); ae% ng{a), pg{a)^0\ for the divisor {g) of g): 
these divisors are said to be principal. 

Associated with the Riemann matrix of )S-periods, t, is the Riemann theta function, defined by 

0(Z;Z)=:0(Z)= e2m(m,2)+m(m,Tm)^ ^GC^ 

where (•, ■) denotes the — real — Euclidean inner/scalar product (for A = (Ai, A2, . . . , A^r) e E'^ and 
B = (Bi, B2, . . . , Bn) e E'^, (A, B) := ^f^j A^B^), with the following evenness and (quasi-) periodicity 
properties, 

0(-z) = 0(z), e{z+ej) = e{z), and 0(z±T;) = e^2""'-'"""0(z), 

where Cj is the standard (basis) column vector in C'^ with 1 in the ;th entry and elsewhere (see 
above), and Tj:= TCj (e C'^), ] = !,..., N. 

It turns out that, for the analysis of this work, the following multi-valued functions are essential: 

• {Rs{z)yi^ :- (n^o(z~^p(2^~^Li^^^^^' "^here, with the identification a^^^ = flg (as points on 
the complex sphere, C) and with the point at infinity lying on the (open) interval (^0,^0), 
-co <a'^Q<¥^<a'!^<V^< - ■ •<a^<??^<+oo, (=fl^^^) ?i-oo, 0, and V^i^Q, +00 (see Figure 1); 



o- 

ai 



o- 

a' 



o- 

a'. 



Figure 1: Union of (open) intervals in the complex z-plane 

• {Ro{z)y'^ ■■= (nf=o(z - &P(z - where, with the identification a^^^ = fl° (as points on 

the complex sphere, C) and with the point at infinity lying on the (open) interval (a^, b°), 
-00 < fl'^ < b« <fl« < < ■ ■ • <fl^ < < +00, fl° (= a°^^^) + -00, 0, and b°^ + 0, +00 (see Figure 2). 

The functions R(>(z) and Ro(z), respectively, are unital polynomials (e ]R[z]) of even degree 
(deg(R^(z)) = deg(Ro(z)) = 2(N+1)) whose (simple) roots/zeros are \V._^, a'^^^^ (a^^j = a^) and \bP._^, fl°}p;i 
(fl^^j = fl°). The basic ingredients associated with the construction of the hyperelliptic Riemann sur- 
faces of genus N corresponding, respectively, to the multi-valued functions = Rf.(z) and = Ro(z) 
was given above. One now uses the above construction; but particularised to the cases of the poly- 
nomials Re{z) and Ro{z), to arrive at the following: 
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o- 

a" 



If. 



Figure 2: Union of (open) intervals in the complex z-plane 



Let J/f denote the two-sheeted Riemann surface of genus N associated with - Re{z), 
with Re{z) as characterised above: the first/upper (resp., second/lower) sheet of J/,, is denoted 
by J/^ (resp., J/^), points on the first/upper (resp., second/lower) sheet are represented as 
z"^ := (z, +(_Re(z))^^^) (resp., z~ := (z, -{Re{z))^^^)), where, as points on the plane C, z"^ = z~ = z, 
and the single-valued branch for the square root of the (multi-valued) function (J?e(z))^^^ is 
chosen such that z~^'^"'"^'(Rp(z))^^^ ~z^oo ±1- J/e is realised as a (two-sheeted) branched/ramifie- 

d covering of the Riemann sphere such that its two sheets are two identical copies of C with 
branch cuts (slits) along the intervals (fl^, V^), (fl^, . ., (a^, b^) and pasted/glued together along 
Up[^(fly_j, lfj_^) (flg s fl^^j) in such a way that the cycles ttg and (a^, /3^}, ; = 1, . . . , N, where the 
latter forms the canonical 1-homology basis for J/^., are characterised by the fact that (the closed 
contours) a^', j = 0, . . . ,N, lie on J/^, and (the closed contours) )S^, / = 1, . . . , N, pass from J/^ 
(starting from the slit (a^, V.)), through the slit (flg, fog) to J/j, and back again to J/^ through the 
slit (fl*^, b'^.) (see Figure 3). 




Figure 3: The Riemann surface J/^ of - nfclo(^~^p(^~^i+i)' ^n+i ~^'o' "'"'^^ solid (resp., dashed) lines 
are on the first/upper (resp., second/lower) sheet of J/^, denoted J/^ (resp., J/j). 

The canonical 1-homology basis {a"., /S^}, j = 1, . . . ,N, generates, on J/^, the (corresponding) 
a:'' -normalised basis of holomorphic Abelian differentials (one-forms) {cOy of^^, . . . , w^), where 

coY=lLtr ^ dz, e C, / = 1, . . . , N, and o)^ = 6^7, /c, / = 1, . . . , N: o)^, / = 1, . . . , N, is real valued 

onU^1^^(fl^_j,fc^_j), and has exactly one (real) root in any (open) interval (fly_i,^'y_i), /=1, ■ • ■ , Af+1; 
furthermore, in the intervals (i'y_j, ^p, j-l, . . . ,N, of^, l-l, . . . ,N, take non-zero, pure imaginary 
values. Let co'' :- {a)'^^ 0)2, ■ ■ -/(y^) denote the basis of holomorphic one-forms on J/j. as normalised 

above with the associated AMV Riemann matrix of jS"^ -periods, t"" = (t''),j=i n '■= (^, co'j)i,j=i,...,N' the 

Riemann matrix is symmetric (t^^ - t^.) and pure imaginary, -iz'' is positive definite (Im(T^p > 0), 
and det(T'') i= (non-degenerate). For the holomorphic Abelian differential (one-form) O)'' defined 
above, choose as the base point, and set : J/, ^ Jac(J/f) (:=C^ /{N+t'M}, (N, M) e Z^xZ^), 

zi-» u''(z) := j , of , where the integration from fl^v+i to z (e J/g) is taken along any path on J/^. 
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Remark 2.1.2. From the representation of. = Y^ 



e N-k 

k=l ' 



dz, i = 1, . . . ,N , and the normalisation 



condition j^, = d^j, k, ]=■!,... ,N , one shows that cf.^_, k, j = 1, . . . ,N, are obtained from 



where 



21 22 
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• • ■ 
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V-R,,(si) Ja 
s,ds, r 


2 VR,(S2) 
S2dS2 


■ t 


SfjdSfj 


V-R,,(si) Ja 


2 VR,(S2) 




VR,(s„) 




S^-ldS2 




dSN 


V-R,(si) Ja 


2 VR,(S2) 


■ k 





(El) 



(E2) 



For a (representation- independent) proof of the fact that det( S^) 0, see, for example. Chapter 1 0, 
Section 10-2, of [87]. ■ 

Set (see Section 4), for z e C+, y'{z) := {Ilk=iiz-bl_^)iz-al)-^y^\ and, for z e C-, y''(z) := 
-i(nr=V(z - fef_i)(z - al)-^y^^. It is shown in Section 4 that ^/(z) =z^o<, (-i)(i+i)/2 

•(l+0(z-i)), and 

jz^'^j^^^ = jz^ej/,^; (/(z) + (/(z))-i)U.=0}, 

with z^'"^ e (fl^, bp=^ (c J/^), / = 1, . . . , N, where, as points on the plane, z^'"^ = zj~ --z"., j = 1, . . . ,N 
(of course, on the plane, z^ e (a^, f?^, ] = !,... ,N). 

Corresponding to J/?, define := -K^-Y, ,=i f/ ft''' (e C^), where Kg is the associated ('even') 
vector of Riemann constants, and the integration from a^^^ to z*^ ", j = 1, . . . , N, is taken along a 
fixed path in J/". It is shown in Chapter VII of [88] that = Y.%i X""*' furthermore, is a 

point of order 2, that is, 2Ke = and sK^ + for < s < 2. Recalling the definition of <y^ and that 
:1, using the fact that Kp is a point of order 2, one arrives at 



-(N+l) 



1/2, 



2 — >c>o - 
2eC+ 



y=l y=l -'«N+i ;=1 '^"n+i y=l '^"n+i 

;=1 -'^ ;=1 

Associated with the Riemann matrix of /S'^ -periods, t*", is the ('even') Riemann theta function: 
0(z;tO=:0''(z)= e^"'^"''"^""™^'"'^"'"^' (2-1) 

&^(z) has the following evenness and (quasi-) periodicity properties, 

e\-z) = ffiz), e\z+ej) = ff{z), and 0'(z+ xp = e^^^i^ri^^', ^'^(z)^ 

where := x'^ey (e C'^), / = 1, . . . ,N. Extensive use of this entire apparatus will be made in 
Section 4. 



Let J/o denote the two-sheeted Riemann surface of genus N associated with - Ro{z), 
with Ro{z) as characterised above: the first/upper (resp., second/lower) sheet of J/o is denoted 
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by }fg (resp., points on the first/upper (resp., second/lower) sheet are represented as 
:= (z, +(Ro(z))^^^) (resp., z~ := (z, -(J?o(z))^^^)), where, as points on the plane C, z'^ = z~ = z, 
and the single-valued branch for the square root of the (multi-valued) function (J?o(z))^^^ is 
chosen such that z~*'^"'"'^'(J?o(z))^^^ ~z^oo ±1- J/o is realised as a (two-sheeted) branched/ramifie- 

d covering of the Riemann sphere such that its two sheets are two identical copies of C with 
branch cuts (slits) along the intervals {a°, b^), (fl°, fc°), . . . , (fl^, b^) and pasted/glued together along 
Up^Hfly-i/ («o - ^N+i) ^^^^ ^ ^^^^ cycles a° and {a"., jS"}, i = l,...,N, where the 
latter forms the canonical 1-homology basis for J/o, are characterised by the fact that (the closed 
contours) a°, j = 0,. . ., N, lie on J/^ , and (the closed contours) jS", / = 1, . . . , N, pass from J/^ 
(starting from the slit {a"., b")), through the slit (a", b°) to J/~, and back again to J/^ through the 
slit {a"., b°) (see Figure 4). 




Figure 4: The Riemann surface J/o of = Yl]^^Q{z-b°){z-a"^^^), a^^^ =flg. The solid (resp., dashed) lines 
are on the first/upper (resp., second/lower) sheet of J/o, denoted J/^ (resp., J/o ). 

The canonical 1-homology basis {a°, ^°], j = 1, . . . ,N, generates, on J/o, the (corresponding) 
a^-normalised basis of holomorphic Abelian differentials (one-forms) \co°, co^, ■ ■ ■ , <^"fj], where 

■- Lti 4^ dz, c".^e€, j = l,..., N, and cv". = h], k, j = 1, . . . ,N: afj, / = 1, . . . , N, is real 
valued on UpJ^(fl"_j, fo"_j), and has exactly one (real) root in any (open) interval (fly_j,fc"_j), 
/= 1, . . .,N+i; furthermore, in the intervals {b"_^,a°), ] = !,.. .,N, co", 1 = 1, ... ,N, take non-zero, 
pure imaginary values. Let o)" := (cOyCV^, . ■ ■ /i'^) denote the basis of holomorphic one-forms 
on J/o as normalised above with the associated NxN Riemann matrix of /S" -periods, t" = 
{T°)i^j=i^,„^N := (^„ 'x'°),j=i,...^n: the Riemann matrix is symmetric (t°- = and pure imaginary, -ir" 
is positive definite (Im(T"p > 0), and det(T'') i= (non-degenerate). For the holomorphic Abelian 
differential (one-form) co" defined above, choose a^^j as the base point, and set w" : J/o Jac(J/o) 
(:= C^/{N + T°M}, (N,M) e Z^xZ^), z u°{z) := Jl co", where the integration from a^^j to z 

'^N+1 

(g j/o) is taken along any path on J/^. 

Remark 2.1.3. From the representation a)°. = Yjk=i — 7 = 1/ • ■ • / N^/ ^rid the normalisation 
condition co° = bkj, k, ] = !,... ,N, one shows that c°j., k, j=l, . . . ,N, are obtained from 
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where 
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For a (representation-independent) proof of the fact that det( too) 0, see, for example. Chapter 10, 
Section 10-2, of [87]. ■ 

Set (see [51]), for z e C+, y°(z) := (n£i'(z-fe^_i)(z-<)-')'^*, and, for z e C_, y°(z) := 
-idlf-V (z-Z'Li)(z-<)"^)^^''- It is shown in [51] that y''(z) =.^o {-if^^'>'YiO)il+0{z)), where 

y"(0) := (inS^ ^"-j/^P^^* ^' ^ ^ upper-edge and lower-edge finite-length-gap 

roots/zeros are 

[zj^fl^^ = jz^ e {{rm-yiz) + fi0){fiz))-%=,.=0] , 

with z°'=^ e (fl°, b".)"^ (c J/;^), ] = !,..., N, where, as points on the plane, z^ = z".~ --z", ] = !,..., N 
(of course, on the plane, z" e (a", fo"), ] = !,... ,N). 

Corresponding to J/o, define do :- -Kq-J^^j f,,' ty" (e C'^), where Kg is the associated ('odd') 
vector of Riemann constants, and the integration from (T^^j to z°'~, j = 1, . . . , N, is taken along a 

fixed path in J/~. It is shown in Chapter VII of [88] that Kg = J^!"*' 'W"; furthermore. Kg is a 

point of order 2. Recalling the definition of a)° and that z~'^^^^(Ro(z))^^^ ~z^oo ±1, using the fact 

zeC+ 

that Kg is a point of order 2, one arrives at 



i'' pZ" " /->2"' « /->2"" N 

j=l -'"n+i ;=1 -'"n+i j=l -'"n+i ;=1 -'''n+ 

Associated with the Riemann matrix of jS" -periods, t", is the ('odd') Riemann theta function: 
0(z;t")=:0"(z)= ^ g2™(m,z)+m(m,T°n.)^ ^eC'^; 



meZ" 



0''(z) has the following evenness and (quasi-) periodicity properties, 

0"(-z) = 0"(z), e"{z+ej) = e"{z), and 0"(z±Tp = e^ 
where := T°ej (eC^), j=l, . . . ,N. This entire latter apparatus is used extensively in [51]. 

2.2 The Riemann-Hilbert Problems for the IVIonic OLPs 

In this subsection, the RHPs corresponding to the even degree and odd degree monic OLPs 7i2„(z) 
and 7i2„+i(z), defined, respectively, in Equations (1.4) and (1.5), are formulated a la Fokas-Its-Kitaev 
[53,54]. Furthermore, integral representations for the even degree and odd degree monic OLPs are 
also obtained. 

Consider the varying exponential measure JI (e Mi (IR)) given by d/I(z) = e"-'^ dz, N e N, where 
(the external field) V: M \ {0} ^ IR satisfies conditions (V1)-(V3). The RHPs which characterise the 
even degree and odd degree monic OLPs are now stated. 
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RHPl. Lef V: R \ {0} ^ R satisfy conditions (V1)-(V3). Find Y: C \ R ^ SL2(C) solving: (i) Y(z) is 

e e 

holomorphic for z G C \ R; (ii) the boundary values Y±(z) := lim z'^z ^{^') satisfy the jump condition 

±lm(;')>0 

Y+(z) = Y_(z)(l+e-^^("V+), zeR; 
(iii) Y(z)z-""' =,^^l+0{z-^); and (iv) Y(z)z«"3 =,^oO{l). 

zeC\R 2eC\K 

RHP2. Lef V: R \ {0} -> R satisfy conditions (V1)-(V3). Find Y: C \ R ^ SL2(C) solving: (i) Y(z) is 



holomorphic for zeC \ R; (ii) the boundary values Y±(z):=lim z'^z Y(z') satisfy the jump condition 

±lm(z')>0 

Y+(z) = Y-(z)(l+e-^''("^ff+), zeR; 
(iii) Y(z)z""3 =,^0 1+<5(z); and (iv) Y{z)z-^"+^^"' =2^0. (9(1). 

:€C\R Z€C\R 

Lemma 2.2.1. LetY: C \ R^SL2(C) soZi^e RHPl. RHPl possesses a unique solution given by: {i)forn = 0, 

e I. r exp(-3^V(s)) ds_ 



e e i' 

where 7io(z):= Yii(z) = 1, with Yii(z) the (1 l)-element o/Y(z); and {ii) for neN, 

"2" (2) /r 



Y(z) = 



s-2 2™ 

(p(-Ky(s)) ds_ 

K s-2 27Ti / 



^ , s r Y2i(s)exp(-Ky(s)) ds 
1^21(Z) J]p 



, zeC\R, (2.2) 



where Y21: C* ^ C denotes the {21)-element o/Y(z), and 7i2«(z) is the even degree monic OLP defined in 
Equation (1.4). 

Proof Set ri;(z) := exp(-3V V{z)), N e N, where V : R \ {0} -> R satisfies conditions (V1)-(V3). Since 
^ siw(s) ds < 00, y e Z, it follows via a straightforward application of the Sokhotski-Plemelj formula 
that, for n = 0, RHPl has the (unique) upper-triangular solution 



Y(z) = r Jr s-2 2ml zeC\R, 



where no(z):=Yii(z) = l. Hereafter, n e N is considered. 

If Y: C \ R^ SL2(C) solves RHPl, then it follows from the jump condition (ii) of RHPl that, for 
the elements of the first column of Y(z), 

(Y;i(z))^ = (y,i(z)) :=Y,i(z), 7 = 1,2, 

and, for the elements of the second row, 

(Y;-2(z))^-(Y;2(z)) =Y,i(z)ilJ(z), / = 1,2. 

From condition (i), the normalisation condition (iii), and the boundedness condition (iv) of RHPl, in 
particular, Yii(z)z-« =,^«, l+0(z-i), Yii(z)z« =z^o 0{l), Y2i(z)z-« =,^^ 0{z-% and Y2i(z)z» =,^0 0{1), 

zgC\K zgC\K zeC\K 2eC\R 

f e e 

and the fact that Yii(z) and Y2i(z) have no jumps throughout the z-plane, it follows that Yii(z) is 
a monic rational fimction with a pole at the origin and at the point at infinity^ with representation 

e e 

Yii(z) = ^jL_„ v/z^, where = 1, andY2i(z) is a rational function with a pole at the origin and at the point 
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at infinity, with representation ¥21(2) = Yj'i=-n ^f^;'. Application of the Sokhotski-Plemelj formula to the 
jump relations for Yj2{z), j = l,2, gives rise to the following Cauchy-type integral representations: 

e 

Y^i(s)ii;(s) ds 



Y;2(Z)= r ■ 



s-z 2ni 



, i=l,2, zeC\R. 



(CAl) 



One now studies Yji{z), j = 1,2, in more detail. From the normalisation condition (iii) of RHPl, 
in particular, ¥12(2)2" =2^c=o 0{z~^) and ¥22(2)2" =z^cx, l+0{z~^), the formulae (CAl), the fact that 

;eC\K zgC\K 

^^s'w{s) ds<oo, ;eZ, and the expansion (for |s/2|«l) jzj = - ELo '7^'^ 2.i*\s-z) ' ^^^o' follows that 



Yii(s)s''zy(s)ds = 0, k = 0,l,...,n-l, and 



/ 

Jr 



Yii(s)s"r'5(s) ds = -2rap''. 



for some (pure imaginary) p*" of the form p'' = iq"", with q*" > (see below), and 

I Y2i(s)s^ri;(s)ds = 0, ; = 0, 1, 2, and I Y2i(s)s""^ri;(s)ds = -2ra; 
Jr Jr 

and, from the boimdedness condition (iv) of RHPl, in particular, ¥12(2)2"" =z^q 0{1) and ¥22(2) 

zeC\K 

• 2~" =z^o 0{1), the formulae (CAl), the fact that L sizv(s) ds < 00, /e Z, and the expansion (for \z/s\ <«c 1) 
T, leZI:, it follows that 



7.-f; 



k=0 sA-+i ^s/+i(z-s)' 



Jr 



¥ii(s)s"*'ri;(s)ds = 0, A: = l,2, . . .,n, and 



/ 

Jr 



¥2i(s)s"'''rt;(s)ds = 0, ; = 1,2, : 



these give rise to 2n + l conditions for ¥11(2), and 2n conditions for ¥21(2). Consider, first, the 2n 
conditions for ¥21(2). Recalling that the strong moments are defined by Cj :- j^shv{s) ds, j e Z, it 

follows from the representation (established above) ¥21 (2) = T^'iL-,, 2' and the 2n conditions for ¥21 (2) 
that 



v^iQ+k = 0, k = -n,-{n-l),...,n-2. 



and 



l=-n 



that is. 



( C-2„ C_2„+l 

C-2n+\ C-2n+2 

C-2 C-i 
C_i Co 



C-2 C_i ^ 
C_i Co 

C2H-4 C2„-3 

C211-3 C2n-2, 



n-1 

v\ci+n-i = -2m, 



( 






1^-2711 



This linear system of 2n equations for the 2n unknowns , I = —n, -(n-1), . . ., n-1, admits a unique 



solution if, and only if, the determinant of the coefficient matrix, in this case H<;^"^ (cf. Equations (1.1)), 



is non-zero; in fact, it will be shown that H^^l^"^ > 0. An integral representation for the Hankel 

determinants h['"', (m,fc) e Z X N, is now obtained; then the substitutions m = -2n and k = 2n are 
made. In the calculations that follow, Sjt denotes the k\ permutations a of {1, 2, . . Recalling that 
Cj:= si d/i(s), e Z, where d]I(z) = zv{z) dz = exp(-3V V(z)) dz, and using the multi-linearity property 

of the determinant, via Equations (1.1), one proceeds thus (recall that H*™' := 1): 



("') ._ 



Cm+1 C,„+2 

Cm+k-2 C,„+k-l 
Cm+k—1 t^m+Z: 



Cm+k-\ 
Cm+k 

Cm+2k-3 
Cm+2k-l 
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n--- I dfi(si)d/j(s2) ■•■ dfi(Sfc) 



/s;-'^-idH(sO 



f 

Jr 



*1 *2 



*1 "2 
*2 



^k 

„m+2k-3 
^k 

c,m+2k-2 



n-- I dfi(si)d/j(s2) •■■ djiisk)s"^ 
Jr 



m^m+l ^m+k-\ 
^2 ■ " ^k 



1 


1 ■■• 


1 


Si 


S2 ■ ■• 


S/c 


„J:-2 
^1 

ak-l 
^1 


Ji-2 
*2 

^2 


„J:-2 

Jk-l 
^k 


=:V(si,S2,...,St) 



" F E r r ■ ■ I '^^('^'^(1)) df((s.T(2)) ■ ■ • dll{Sa(k)) s;;'(^.)S^(J V(s„(i), S^(2), . . . , S„(t)) 
■ creSt ylR Jr Je y=i 



= F z r r ■ ■ • r ^^^^^i^ ^^^^^^^ ■ ■ • '^^^^^^-^ ■ ■ ■ ^'L^^io) n s^-; 



XV(Si,S2,...,sO 

= i r f--- r d^(Si)d]I(S2)---d^(s,)s-S2"---S-V(Si,S2,...,Sfc) 

Jr Jr Jr 



X, sgn(a)sO(jjsi(2)---s|^^^ 



= V(S],S2,...,St) 



' = i r r ■ ■ ■ r ^^(51) dfl(s2) ■ ■ ■ d^JCs^) s^s^" ■ ■ ■ s™(V(si, S2, . . . , Sk)f ; 
Jr Jr Jr 



using the well-known determinantal formula V(si, S2, ...,Sk) = n?y=i(s!-sy), one arrives at 

^k'^ = Tl f f-f ^1^2 ••■8,7 rT('^' -'^')' 'iH^si) dM(s2) ■ ■ ■ Ali{sk), im, /c) e Z X N. 
^- Jr Jr Jr 



(HAl) 



Letting m = -2n and fc = 2n, it follows from the formula (HAl) that 

2)1 



^^^n'"^ = 75^ r r ■ ■ ■ r '^l"'S2"'" ■ • • Uis-Sl? d/I(Si) d^(S2) ■ ■ ■ dp(S2„) > 0, 

Jr Jr Jr f^^^ 



2n 



whence the existence (and imiqueness) of ¥21(2). 
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Similarly, it follows, from the representation (established above) Yii(z) = L"=-„ with v„ = 1, 

e 

and the 2n + l conditions for Yii(z), that 



Y^vici+k = 0, k=-n,-{n-l),...,n-l, and ^ V(C;+„ = -2Tzip'', 



l=-n 



l=-n 



that is. 



C-2n 



Co 



C_i • ■ ■ C„-i 
{_ Cq ■■ ■ Cn 



C_i \(v.n\ ( -Co 

Cn-1 



V' ) 



-Cln-l 

-Cm ) 



C2(n-1) 

C2n-\ 2ni) 

This linear system of 2n+l equations for the 2n+l imknowns v/, l--n, -{n-1), ■ ■ ■ , n-1, and p*" admits 

-'2H 



a unique solution if, and only if, the determinant of the coefficient matrix, in this case 2n\]-6^^^"\ is 



non-zero; but, it was shown above that lii. > 0. Furthermore, via Cramer's Rule: 



C-2n ■ 


■ C-n ■ 


C-1 


-Co 


C-n ■ 


Co ■ 


Cn-1 


-Cn 


C-1 ■ 


■ Cn-1 ■ 


C2(„-l) 


-C2n-1 


Co ■ 


Cn ■ 


C2„-l 


-C2n 



2nml 



{-2n) 



1 ^2n+l 

"2ra 



Using the Hankel determinant formula (HAl) with the substitutions m = -2n and k = 2n+l, one arrives 
at 

1 r r r ^"'^^ 

J^;' Jr Jr Jr f-j^ 



2n+l 



hence, H2^^"''/W2„^"^>0. Using, now, the fact that J|j^ ¥11(3)5*^07(5) ds = 0, k=-n, -(n-1), . ..,n-\, and the 
relation Yn (s)s"ro(s) d5 = -27Tip'', one notes, via the above formula for p'', that 

1 Yii(s)s"zl5(s)ds = r Yii(s)(s"+v„-is"-^ + ---+v-„s-") iy(s)ds= \ Yii(s)Yii(s)il5(s) ds 
Jr Jr . . Jr 



= Yn(s) 

= -2mp-H(--VH^/"' (>0); 

but the right-hand side of the latter expression (cf. Equations (1.8)) is equal to (^{f"')"^ = l|Yii(-)ll^ (> 0): 

the existence and uniqueness of Yii(z) =: 712h(z), the even degree monic OLP with respect to the inner 
product is thus established. □ 



Lemma 2.2.2. Let Y : C \ SL2(C) solve RHP2. RHP2 possesses a unique solution given by: (i)/or n = 0, 



Y(z) = 



Z7ll(z) Zj^ 

2mz 1+zj;^ 



(S7ti(s))exp(-3^y(s)) ds_>^ 
s(s-z) 2m 



exp(-3\f V(s)) 



ds 



, zeC\]R, 



1 4"' r 1 

where ni{z) = ^ + -ji^, with -fu = - L s exp(-N V(s)) ds, KeN; and (ii) /or neN, 



Y{z)-- 



Z7l2„+1 (Z) Z — — 

Y,i(s)exp(-KV(s)) ds. 

s{s-z) 2ni J 



[ Y2i(z) z/^: 



, zeC\]R, 
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where Y21 : C* ^ C denotes the (2 l)-element 0/ Y(z), and 7i2„+i(z) is the odd degree monic OLP defined in 
Equation (1.5). 

Proof. See [51], the proof of Lemma 2.2.2. □ 

Corollary 2.2.1. Let V : R \ [0] satisfy conditions (V1)-(V3). Let 7i2„(z) and 7i2n+i(z) the even degree 
and odd degree monic OLFs with respect to the inner product {■r)L defined, respectively, in Equations (1.4) 
and (1.5), and let l}^"^ and <£^"^j^ he the corresponding 'even' and 'odd' norming constants, respectively. Then, 
(^Jf"' and <^^"^i ^ have the following representations: 



A2n) 

V2n+T 



{ {■■■ { S-2"s-2« ■ ■ ■ S-f \\{Sr~Slf d^(Si) d^(S2) ■ ■ ■ d^(S2„) 



2n 



Jr Jr Jr 



2n 1 -2n 



2n+l 



2)1+1 



'"2n+l 



[](A,-A,)2d^I(Ai)dfI(A2) •■■ d;[r(A2„+i) 



i,l=l 

l<i 



(2n+l) 
-n-1 



V2(n + 1) 



■ • • I £D-2"a)-2« . . . CO'll^ W {(Di-Ldif dfI(cDi) d/I(a)2) • ■ • dJi{a)2n+\) 
- Jk 



(,;=i 



2n+l 



Jr Jr Jr 



2«+2 



2n-2,-2n-2 ,-2n-2 
^2 " ' ^2n+2 



jQ((;,-Q)2d|U((;i)d|U(c2) ■■■ d^{c,2n+2) 



i,l=l 



2n+2 



where d|U(z):=exp(-Ny(z)) dz, NeN. 

Proof. Consider, without loss of generality, the representation for ^{f"^ Recall that (cf. Equations 
(1.8)) (5*f"')2 = H^;^"Vh^;+i (> 0): using the integral representations for H^;^"^ and H^;^f derived 
in (the course of) the proof of Lemma 2.2.1, and taking positive square roots of both sides of the 
resulting equality, one arrives at the representation for <^Jf"^ See [51], Corollary 2.2.1, for the proof of 
the representation for ^''^"^l^- □ 

Proposition 2.2.1. Let V: ]R\ {0} — > IR satisfy conditions (V1)-(V3). Let n2n{z) and 7i2n+i(z) be the even degree 
and odd degree monic OLPs with respect to the inner product defined, respectively, in Equations (1.4) 
and (1.5). Then, 7i2„(z) and 7i2„+i(z) have, respectively, the following integral representations: 



7I2„(Z) = 



(2n)!H(;^"' 



//■■■/ 

Jr Jr Jr 



2n-l 



2)1-1 



-2n„-2)i 



i,l=0 



j=0 



2)1 



X d|U(so) dfi(si) ■ ■ ■ dfi(s2„-i). 



-n-i err ^" ^" 

7t2„.i(z) = — 5 — -- ... s-2"-v"-^...s,t'-^n(s,-so^r[(z-s,) 

{In+iwi}"} JrJr Jr U 



2n 2n 



2n+l 1^ '-^O ;=0 

i<i 

2n+l 



xd/j(so)d/j(si) ... df((s2)i), 

where 

2)1 



^^L"'^ = 7Tli r {■■■ { A-2"A-2'^..A2t'n(A,-A,)M^(Ai)d^(A2)...dfI(A2)i), 
Jr Jr Jr ,^,3 



i,l=l 

l<i 



2n 
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1 r r r ^""^^ 



2n+l 



with djiiz) :=exp{-'N V{z)) dz, N. 

Proof. Consider, without loss of generality, the integral representation for the even degree monic 
OLP 7i2„(z). Let Sj; denote the A:! permutations a of (0,1, ...,k-l]. Recalling that Cj:=J^si d]I{s), ;eZ, 
where d/I(z) = zy(z) dz = exp(-3M' V{z)) dz, ?^ e N, with V : R \ {0} ^ R satisfying conditons (V1)-(V3), 
and using the multi-linearity property of the determinant, via the determinantal representation for 
Tr2,,(z) given in Equation (1.6), one proceeds thus: 



712,, (Z) = ■ 



1 


C-2n 
C-2n+\ 


C. 

c. 


-2n+l ■ 
-2n+2 ■ 


• C_i 

Co 


Z-" 

2-H+l 


2n 


C-1 




Co 


■ C2n-2 


2)1-1 




Co 




Cl 


■ C2„-l 


z" 




C-2h 


c. 


-2)1+1 ■ 


C-1 


Co 


z-« 


C-2H+1 


c. 


-2)1+2 ■ 


Co 


Cl 


2n 


C-1 

z" 




Co 

zi ■ 


■ C2„-2 

■ z2«-l 


C2n-1 
Z2" 



(-2),) 
2)1 



/r S2")!-l d^(S2„-l) 1 S°„_i d^(S2„-l) 



LsOd^i(so) 
_4sjd^(si) 

/RS2":ldfI(S2,)-l) 



^^^M r r dfi(so)dfj(si) • • • dfi(s2„- 

' Jr Jr Jr 

2)1 ^ 



2n 



1 f ■ ■ ■ ( d/i(so)d/i(si) • • • d/,i(s2„. 
Hi ' Jr Jr Jr 

2)1 ^ 





Z2" 








e-2)l 5-2)1 + 1 

*Q ^0 
C-2J1+1 5-2)1+2 
*1 *1 


"o 
"l 


si 


• • • d^(S2„-l) 










*2ji-1 *2)i-1 

zO zi ••• 


„2ii-2 
"2n-l 
^211-1 


52n-l 
"2«-l 
Z2" 


• • • dfI(S2„-l)s 


-2n -2n+l -1 
*1 "211-1 







2)1 



^2)1-1 "211-1 

zO zi 



„2ii-l „2)i 
"2)1-1 "2)1-1 
^211-1 



TTT; Z r r ' ■ ■ r dfi(s„(0))df/(s„(i)) ■ • • d^{Sa(2n-l))s,lQf,l^) ■ ■ ■ S^fj" 

(2n)\ J-t JrJr Jr 



J^2n (reo2„ 



^ "a(0)"o(l) "o(2)i-l) 



(2«-l) 



2)1 








^CT(O) 
"■T(l) 


^(0) 

"■T(l) 


„2)i-l 
„2)]-l 

".7(1) 


n2n 
ff(0) 

52)1 

"o-(l) 


s" 

o-(2)i-l) 

zO 


s^ 

o(2ii-l) 

zi ■ 


^2)1-1 
o-(2)i-l) 
. ^2n-l 


a(2n- 
^211 
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n- ■ ■ [ dp(so)dfi(si) ■ ■ ■ dfi(s2„- 



2n 



\0€<^2„ 



*2n-l *2)i-l 



£,211-1 „2n 

Q Q 
c2n-l 52n 



c2n-l c,2n 
*2n-l ^2n-l 
22n-l ^2" 



2(1 
'2n-l 



H(-'"'(2n) 



n- ■ • r df/(so)df,i(si) ■ ■ • dii{s2„-i)Sg^"s^^" 
Jk 



£,-2)1 

*2n-l 



2n 



^2)1-1 ^2n-l 



o2n-l 
5,1-1 



52,1-1 
^2,1-1 



^2«-l ^2n-l 



52n-l „2n 



£,2n-l „2n 
*2n-l *2ii-l 



but a straightforward calculation shows that 



whence 



*2«-l ^2,1-1 

zO zi 



„2n-l „2n 
^0 *0 
£,2n-l „2n 



"2n-l '"2)1-1 
,,2)1-1 ,2)1 



2)!-l 2)1-1 



g2n-l 

J)!-l 



£,2n-l 
'2n-l 



2)!-l 



j=0 



"2),(Z) = — rj-j r [' "[ d|U(So)d|U(Si) ■ • • d|U(S2„-l)So^"s/ 

H\ '(ln)\ Jk Jk Jk 



2)1-1 



^2), 



2)1-1 



2)1 



j=0 



^2)1-1 *2)i-l 



g2n-l 

3.11-1 



'2n-l 



2)1-1 
j=0 



[ I ■ ■ ■ I djU(so)dfi(si) ■ ■ ■ d|U(s2„- 

(2n)\ JkJk Jk 



\„-2)i -2)1 _ 



2)1 
2n-l 



2)) 



aln-l „2)j-l 



"2)!-l 



£,2n-l 
'2n-l 



= n-;5?fe-s))' 

hence the integral representation for 7i2)i (z) stated in the Proposition, with the integral representation 
for H^i^"^ derived in the proof of Lemma 2.2.1. See [51], Proposition 2.2.1, for the proof of the integral 
representation for the odd degree monic OLP 7i2)j+i(z). □ 

Remark 2.2.1. For the purposes of the ensuing asymptotic analysis, it is convenient to re-write 
d/I(z) = exp(-!N V{z)) dz = exp(-ny(z)) dz =: d/,i(z), n e N, where 



y(z)=Zoy(z), 
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with 

z„: NxN^]R+, {'N,n)h^Zo:= 'N/n, 
and where the 'scaled' external field V: ]R \ {0} ^ IR satisfies the following conditions: 

V is real analytic on IR \ {0}; (2.3) 
lim(V(x)/ln(x2 + l)) = +co; (2.4) 

|,Y|— iOO^ 

lim(y(x)/ln(x-2 + l)) = +co. (2.5) 

(For example, a rational function of the form V{z) = L^"'-2m 'Qk^'', with e R, fc = -2mi, 2m2, 
mi^2£lN/ and^_2„ji,^m2 >0 would satisfy conditions (2.3)-(2.5).) 

Hereafter, the double-scaling limit as IM,n —> oo such that Zg - l+o(l) is studied (the simplified 
'notation' n^co will be adopted). ■ 

It is, by now, a well-known, if not established, mathematical fact that variational conditions 
for minimisation problems in logarithmic potential theory, via the equilibrium measure [55, 56, 90-92], 
play a crucial role in the asymptotic analysis of (matrix) RHPs associated with (continuous and 
discrete) orthogonal polynomials, their roots, and corresponding recurrence relation coefficients (see, 
for example, [58,59,61,65,75]). The situation with respect to the large-« asymptotic analysis for the 
monic OLPs, 7i„(z), is analogous; but, unlike the asymptotic analysis for the orthogonal pol5momials 
case, the asymptotic analysis for n„(z) requires the consideration of two different families of RHPs, 
one for even degree (RHPl) and one for odd degree (RHP2). Thus, one must consider two sets of 
variational conditions for two (suitably posed) minimisation problems. 

The following discussion is decomposed into two parts: one part corresponding to the RHP for 

Y : C \ ]R ^ SL2 (C) formulated as RHPl, denoted by Pi , and the other part corresponding to the RHP 
for Y : C \ SL2(C) formulated as RHP2, denoted by P2. 
a - 

haJ Let y : ]R \ {0} ^ M satisfy conditions (2.3)-(2.5). Let F^,[/,i''] : A1i(]R) ^ R denote the functional 

= ^^"^'^ £ V{s) d^^(s), 

and consider the associated minimisation problem, 

E';, = inf{r^[/]; ^^eMiiU)]. 

The infimum is finite, and there exists a unique measure [ly, referred to as the 'even' equilibrium 
measure, achieving the infimum (that is, Ali(]R)9fiy = inf{r^[ju'']; /i''e Ali(]R)}). Furthermore, j-iy 
has the following 'regularity' properties (all of these results are proven in this work): 

• the 'even' equilibrium measure has compact support which consists of the disjoint union 
of a finite number of bounded real intervals; in fact, as shown in Section 3 (see Lemma 3.5), 
supp(^(^^) =: 7,3 = U^J^^b'._^,a'^ (c IR \ {0}), where {by^,a'^^J^\ with ¥^ := min{supp 
(/^)) i (-00, 0}, fl^^j := max{supp(f;'^)} ^ {0, +00}, and -c<^ < b^ < < b^ < a'^ < ■ ■ ■ < b'j^ < 
^N+i ^ constitute the end-points of the support of fi^; 

• the end-points {¥._^, a''.}^J^ are not arbitrary; rather, they satisfy the n-dependent and (lo- 
cally) solvable system of 2(N+1) moment conditions (transcendental equations) given in 
Lemma 3.5; 

• the 'even' equilibrium measure is absolutely continuous with respect to Lebesgue measure. 
The density is given by 

dify{x) := 4,\,ix) dx=^^{R,{x))]!%{x)ljXx) dx, 



^It would be more usual, from the outset, for the bounded (and closed) set /j, := ujlij^ «y] to denote the support of fi^; 
however, the open (and bounded) set /j, provides an effective description of (the interior of) the support of fi'^: for this reason, 

- a 

]e (and at other times ]e) is used to denote supp(p'^); mutatis mutandis for /„ and /„ (see ^^fl below). This should not cause 
confusion for the reader. 
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where 



(R,(z)) 



1/2.. 



[](z-b^_i)(z-flp 

/=1 



with {Rc{x))^1^-.= \\vc\^[q{Ri,{x±\£)YI'^ and the branch of the square root is chosen, as per the 
discussion in Subsection 2.1, such that z-^^^^\Re{z)f^^ ±1, hUz) := \ £ {Rc{s))-^l\-^ + 

^^5^)(s-z)~^ ds (real analytic for z e ]R \ {0}), where ' denotes differentiation with respect 
to the argument, Cj^ (c C*) is the union of two circular contours, one outer one of large 
radius R^ traversed clockwise and one inner one of small radius traversed counter- 
clockwise, with the numbers < r'' < < +oo chosen such that, for (any) non-real z in the 
domain of analyticity of V (that is, C*), Lnt(Cy 3 /e U {z}, and l/,(^) denotes the indicator 
(characteristic) function of the set ]e. (Note that !/'"^,(x)>0 V xe/e:=Up;i[&^_j,fl^]: it vanishes 
like a square root at the end-points of the support of the 'even' equilibrium measure, that 
is, ,/;^^,(s)=4b. ^0((s-b5'_j)i/2) and ^^%{s)=,^0{{aYsfl^), ] = !,..., N+1.); 

• the 'even' equilibrium measure and its (compact) support are uniquely characterised by 
the following Euler-Lagrange variational equations: there exists 4 e IR, the 'even' Lagrange 
multiplier, and ju'^eMi(R) such that 

4 J^ln(|x-s|)df/''(s)-21nM-y(x)-4 = 0, xeje, (Pf) 

4 1 ln(|x-s|)dfi''(s)-21n|x|-y(x)-4<0, xeK\Te; (Pf) 

• the Euler-Lagrange variational equations can be conveniently recast in terms of the complex 
potential g'^{z) of jiyi 

g^(z)- J^ln((z-s)2(zs)-i)dfi^^(s), zee \ {-co,max{0,al,J). 

The function g'^: C\ (-oo, max{0, a^+j}) — > C so defined satisfies: 
(Pf') g%z) is analytic for zeC \ (-oo,max{0,rt^^j}); 
(Pf ) g^(z)=.^o<,ln(z)+^5(l); 

(Pf ) gl{z) + gUz)-V{z)-{e + 2Qe = 0,zeh, where g^Jz) := \mx,^o ^{z±ie), and Q, := 
j; ln(s)dfi^^(s) = _^^ln(|s|)df,^^(s)+i7i jj^^^ d/^(s); 

(Pf ) g^(z) + gl(z)- y(z)-4 + 2Qf> < 0, z e M \ j^, where equality holds for at most a finite 
number of points; 

(Pf ) ^^{z)-g'_{z) = i/^(z), z e R, where : R, and, in particular, gl{z)-g'L{z) = i const., 

z e R \ /e, with const, e R; 
(Pf ) i(^+(z)-g"-(z))' ^0, ze /e, where equality holds for at most a finite number of points. 

Let y : R \ {0} -> R satisfy conditions (2.3)-(2.5). Let r^,[/,i"] : Mi (R) R denote the functional 
Iy[F"]= rr lnf^^)d/(s)d^"(0+2 r y(s)d^i"(s), «eN, 

and consider the associated minimisation problem, 

E°^ = inf{F^[^°]; ^°eMi(]R)}. 

The infimum is finite, and there exists a unique measure [iy, referred to as the 'odd' equilibrium 
measure, achieving the infimum (that is. Mi (R) 3 = inf /j" e Mi (R)})- Furthermore, j-iy 
has the following 'regularity' properties (see [51] for complete details and proofs): 
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the 'odd' equilibrium measure has compact support which consists of the disjoint union 
of a finite number of bounded real intervals; in fact, as shown in [51], supp(jU^) =: }„ = 
uf^V(^y-i'«;) ^ \ iOD' w^^ere {b''._^,a".]p^\ with := min(supp(^i°^)} i {-cx,,0}, aj^^^ := 
max{supp(/,/^)} i {0, +oo}, and -oo < J?" < a" < J?" < a" < ■ • • < t?^ < a^^^ < +oo, constitute the 
end-points of the support of fly) (The number of intervals, N+1, is the same in the 'odd' 
case as in the 'even' case, which can be established by a lengthy analysis similar to that 
contained in [92].) 

the end-points {b"_ya"}^J^ are not arbitrary; rather, they satisfy an n-dependent and (lo- 
cally) solvable system of 2(N + 1) moment conditions (transcendental equations; see [51], 
Lemma 3.5); 

the 'odd' equilibrium measure is absolutely continuous with respect to Lebesgue measure. 
The density is given by 

d^fy{x) := V^'^(x) dx = J-(R„(x))yX(x)l;„(x) dx. 



where 



Yl{z-b''._,){z-a".) , 

,/=i 

with (R(,(x))y^ ■- limtjo(^o(^ ± ie))^^^ and the branch of the square root is chosen, as 
per the discussion in Subsection 2.1, such that z~^^"'^\Ro{z)f''^ ~z^<x, ±1, h^^iz) := (2 + 

l)-i^^,,(Ro(s))-i/2(J. + im)(s-z)-ids (real analytic for z e R \ {0}), where q (c C) is 

the union of two circular contours, one outer one of large radius R'' traversed clock- 
wise and one inner one of small radius traversed counter-clockwise, with the niimbers 
< r'' < R** < +00 chosen such that, for (any) non-real z in the domain of analyticity of V (that 
is, C*), int(C5^) 3 /o U {z}, and lj„ (x) denotes the indicator (characteristic) function of the set Jo- 
(Note that i/'^(x)>0 V xe Jo-=^'p^[b°_^,a"]: it vanishes like a square root at the end-points 
of the support of the 'odd' equilibrium measure, that is, i/^y(s) =siif' ^ 0{{s-b°_^y^'^) and 
!/'°^(s)=sT«»0((fl°-s)i/2), ; = . . .,N+1.); 

the 'odd' equilibrium measure and its (compact) support are uniquely characterised by 
the following Euler-Lagrange variational equations: there exists {„ ^ IR/ the 'odd' Lagrange 
multiplier, and f/" e Mi (R) such that 

2(2 + 

2(2 -h 



i) rin(|x-s|)d^''(s)-21n|x|-y(x)-4-2(2 + i)Qo =0, xe/o, (Pf) 
rin(|x-s|)dp"(s)-21n|x|-y(x)-4-2(2+i)a<0, xeR\To, (Pf) 



where Qo- f ln(|s|) dfi''(s); 

the Euler-Lagrange variational equations can be conveniently recast in terms of the complex 
potential g"{z) of fi^: 

^"(z)- r ln((z-s)2^^(zs)-i)df/"^(s), zeC\(-cx,,max{0,fl;^,i}). 



The fimction g": C \ (-00, max{0, fl^+j}) ^ C so defined satisfies: 
(P^^') g''{z) is analytic for zeC \ (-00, maxiCfl^^J); 
(Pf) ^''(z)=.^o-ln(z)+6)(l); 

(Pf ) g"^(z) + g»(z)-y(z)-4-Q;-Q^ = 0, z e lo, where g°(z) := lim,^o^''(z±ie), and 
(1 + ^) i 1^(1^1) Inu^ d^"^(s)±in(2 + 1) ^^^^ d^"^(s); 

(Pf ) g'J.(z)+g':(z)-y(z)-4-C!+ -Q- <0, ze]R\ /o, where equality holds for at most a finite 
number of points; 
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(P2 ) ^+(z) - g':(z) - + Q- = i/^(z), z e ]R, where : K -> R, and, in particular, f^{z) - 

g°_ (z) - + = i const., z e IR \ /„, with const, e ]R; 

(Pj^') i(g" (z)-g!i(z)-Cl^ + Q~ )' >0, ze /o, where equality holds for at most a finite number 
of points. 

In this three-fold series of works on asymptotics of OLFs and related quantities, the so-called 
'regular case' is studied, namely: 

• dj.iy, or V: R \ {0} ^ R satisfying conditions (2.3)-(2.5), is regular if: (i) hyix) ^ on /«; (ii) 
AJj ln(|x-s|)dfi';,(s)-21n|x|-y(x)-4<0,xeR\7;:; and (iii) inequalities (Pf ) and (Pf) inPi are 
strict, that is, < (resp., >) is replaced by < (resp., >); 

• dii°y, or V: R \ {0} -> R satisfying conditions (2.3)-(2.5), is regular if: (i) h'^ix) on Jo', (ii) 
2(2+1) j^^M(|x-s|)d/^(s)-21nM-y(x)-4-2(2+l)Qo<0,xeR\/:, where Qo:=j(;^ln(|s|)df/"^(s); 
and (iii) inequalities (P2^^) and (Pf^) in P2 are strict, that is, < (resp., ^) is replaced by < (resp.. 

The (density of the) 'even' and 'odd' equilibrium measures di.Ly and dfiy, respectively, together with 
the corresponding variational problems, emerge naturally in the asymptotic analyses of RHPl and 
RHP2. 

Remark 2.2.2. The following correspondences should also be noted: 

• g': C \ i-co,max{0,al^^^}) -> C solves the phase conditions (PfV(Pf ) ^ Ali(R) ^ fiy solves the 
variational conditions (P^f) and (Pj '); 

• g":C\ (-co, max{0, a^^J) ^ C solves the phase conditions (P^^V(Pf) ^ Mi{U) 3 j-fy solves the 
variational conditions (Pj ^) and (Pj*')- ■ 

Since the main results of this paper are asjnnptotics (as n — > 00) for 7i2n(z) (z e C), ^i^"^ arid (p2n{z) 
(zeC), which are, via Lemma 2.2.1, Equation (2.2), and Equations (1.2) and (1.4), related to RHPl for 

Y : C \ R ^ SL2(C), no further reference, henceforth, to RHP2 (and Lemma 2.2.2) for Y : C \ R ^ SL2(C) 
will be made (see [51] for the complete details of the asymptotic analysis of RHP2). In the ensuing 
analysis, the large-n behaviour of the solution of RHPl (see Lemma 2.2.1, Equation (2.2)), hence 
asymptotics for 7i2n(z) (in the entire complex plane), (jjf"' and (p2n{z) (in the entire complex plane), are 
extracted. 



2.3 Summary of Results 

In this subsection, the final results of this work are presented (see Sections 3-5 for the detailed analyses 
and proofs). Before doing so, however, some notational preamble is necessary. For y = 1, . . . , N+ 1, let 



%(z):= 



/ \2/3 „ ^2/3 

y £ {Ms))''%{s) ds and (z) := |- 1^ I {R,{s)f'%{s) ds 



where {Re{z))^'^ and }fy{z) are defined in Theorem 2.3.1, Equations (2.8) and (2.9). Define the 'small', 
mutually disjoint open discs about the end-points of the support of the 'even' equilibrium measure, 
{¥.,, a']^^,^, as follows: for / = 1, . . . , N+ 1, 

U:,_ :=jzeC;|z-flJ|<6;.} and \]',^^ ^~\^^^;\z-V._^\<b\ 

''There are three distinct situations in which these conditions may fail: (i) for at least one x^. 6 R \ (resp., Jo e R \ /„), 
4 JJ^ ln(|5,-s|)dfi^^,(s)-21nPf;|-y(F,)-^, = (resp., 2(2+ i)/^^ ln(R,-s|)d^°^,(s)-21n|5-„|-y(?„)-4-2(2+ 1)Q„ = 0), that is, for 
n even (resp., n odd) equality is attained for at least one point lif. (resp., Xo) in the complement of the closure of the support 
of the 'even' (resp., 'odd') equilibrium measure fi'^ (resp., which corresponds to the situation in which a 'band' has just 
closed, or is about to open, about (resp., x„); (ii) for at least one x^. (resp., x^o), //^(Xj) = (resp., /i^ (x„) = 0), that is, for n even 
(resp., n odd) the function /i'^ (resp., W^) vanishes for at least one point x^, (resp., x",,) within the support of the 'even' (resp., 
'odd') equilibrium measure /./'^ (resp., which corresponds to the situation in which a 'gap' is about to open, or close, about 
'Xf. (resp., x^o); and (iii) there exists at least one ;'e |1, . . .,N+1), denoted je (resp., /o), such that hy{¥. _^) = and/or hy{a''. ) = 
(resp., /!y(fe° _j) = and/or hy{a° ) = 0). Each of these three cases can occur only a finite number of times due to the fact that 
V: R\ |0|^R satisfies conditions (2.3)-(2.5) [58,92]. 
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where (0, (resp., (0, 1)3 6^, ^) are chosen 'sufficiently small' so that '^'i,^{z) (resp., ^(z)), which 

are bi-holomorphic, conformal, and orientation preserving (resp., bi-holomorphic, conformal, and 
non-orientation preserving), map U'^ (resp., TU^ ), as well as the oriented skeletons (see Figure 5) 

U'l'^^Tf/. (resp., U^^jE^'' (see Figure 6)), injectively onto open (and convex), n-dependent neighbour- 
hoods of such that: 

(i) 0l^{a^^) = O{resp.,%^J¥^_^) = Oy, 

(ii) O^^ : U^^^ ^U^^^ ■■=%i^l) (resp., : U;^_^ ^ U^,_^_^ ■■=%,J'"k,_, ))' 

(iii) o^,(U^^^ nE:;')=o^,(U^^^)n,^'(resp.,ci);;^_^(U^^^_^ nz^ 

(iv) O^^ (U^^^ n □:;';) = O;;, (U^,^^ ) n Q^f (resp., ^ {Ul^_^ n Dll^ ) = O^;.^ (U^,^^^ ) n O;^^ ), with (and 
of ) = iC e C; arg(C) e (0,27t/3)}, Q^f (and ) = {C e C; arg(C) e (2ti/3,ti)}, Q^f (and Of ) 
= {CeC; arg(C)e (-71,-271/3)}, and Q^f (and Q;^*^) ={CeC; arg(Qe(-27r/3,0)}5. 




Figure 5: The conformal mapping C = ^^^(z) (^ X^(Kf(s))^^^/Zy(s))2/^ ; = 1, . . .,N+1, where (f ^,.)"^ 
denotes the inverse mapping 

Introduce, now, the Airy function, Ai(-), which appears in several of the final results of this 
work: Ai(-) is determined (uniquely) as the solution of the second-order, non-constant coefficient, 
homogeneous ODE (see, for example. Chapter 10 of [93]) 

Ai"(z)-zAi(z) = 0, 

with asymptotics (at infinity) 

Ai(2) ~ -i_z-l/4e-*)y(-l)^^s,(c(z))-^ 

2V7I r-^ 
Ai'(z) ~ - zi/4e-*'y(-l)*i,(C(z))-*, 



(2.6) 



^The precise angles between the sectors are not absolutely important; one could, for example, replace 2n/3 by any angle 
strictly between and n [2, 58, 59, 61, 90]. 
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Figure 6: The conformal mapping C = %. ^(z) ■■= (-f i'''"'(Ke(s))^^^/jy(s))2/^ / = 1,. . .,N + 1, where 

1^"^ denotes the inverse mapping 
where SQ = tQ = l, 

r(3/c+l/2) (2/c+l)(2fc+3)---(6/c-l) /6/c+l\ 

Sjt= ; = ; , ik = — \—, St-, /CGJN, 

54''7c!r(fc+l/2) lWk\ Xek-lj"' 

and r(-) is the gamma (factorial) function. 

In order to present the final asymptotic (as n — > oo) results, and for arbitrary ] = !,..., N+1, consider 
the following decomposition (see Figure 7), into bounded and unbounded regions, of C and the 
neighbourhoods of the end-points fl-, /=!,..., N+1 (as per the discussion above, n = 0, 

fc = 1, . . . , N+ 1). Asymptotics (as n -> oo) for 7i2„(z), with z e U^^j(T^ U (U^+i(Q^'^-' ^ U Qa/))), are now 




Figure 7: Region-by-region decomposition of C and the neighbourhoods surrounding the end-points 
of the support of the 'even' equilibrium measure, a'^.]^J^ 

presented. These asymptotic expansions are obtained via a union of the DZ non-linear steepest- 
descent method [1, 2] and the extension of Deift-Venakides-Zhou [3] (see, also, [57-76, 79, 94], and the 
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detailed pedagogical exposition [90]). 

Remark 2.3.1. In order to eschew a flood of superfluous notation, the simplified 'notation' 0{n~^) is 
maintained throughout Theorem 2.3.1 (see below), and is to be understood in the following, normal 
sense: for a compact subset, D, say, of C, and uniformly with respect to ze 33, 0{n~^) :=0{c\z, n)n~^), 
where \\c\-, «)|Ixp(T') ^n^oo 0(1), p e {1, 2, oo}, and 3 > (and finite) such that, V z e D, \c\z, n)\ <„^oo 



Theorem 2.3.1. Let the external field V : M \ {0} ^ IR satisfy conditions (2.3)-(2.5). Set 



d^i^yix) :=4,^y{x) dx = —{R,{x))]!%{x)mx) dx, 



where 



(N+l 



ll{z-bl^){z-al) 



\k=\ 



1/2 



(2.7) 



(2.8) 



ivith {R,{x))]!^:=lim,io{Re{x±ie))^'^,xe },:=supp{ju'y) = Up^\by^,a''.) (c R\{0]),N en (and finite), where 
:= min{supp(f/^)} ^ {-oo, 0}, fl^^^ := max{supp(f;y)} ^ {0, +oo}, and -oo < tij^ < < Jj'j < < ■ ■ ■ < < 
^N+i ^ branch of the square root is chosen such that z~*'^"^^'(Re(z))^^^ ~z^co ±1, 



zeC± 



as In j 



ds 



(2.9) 



(real analytic for ze'R \ {0}), (c C) is the boundary of any open doubly-connected annular region of the type 
[z' e C; < r'' < |z'| < R*" < +oo), where the simple outer (resp., inner) boundary {z' = R'^e'^, < 5 < 2n] (resp., 
[z' = r^e^^, < 5 < 2n]) is traversed clockwise (resp., counter-clockwise), with the numbers < r'' < < +oo 
chosen so that, for (any) non-real z in the domain of analyticity ofV (that is, C*), int(Cy 3 /e U (z), l/,(x) 
denotes the indicator (characteristic) function of the set /<,, and a''j]^J^ satisfy the following n-dependent 
and (locally) solvable system ofl{N+l) moment conditions: 



(sy\si 

\j^ds = Q, j = 0,...,N, 



r (is-'^+v 
r'H i(R.(s))i/^ r (2r^+v'(4)) 

I;: ( 2n j,^, {R,{^)ff(^-s 



r (2s-i+y'(s))s^+^ 

J/.. (R.(s))f 



ds = -Ani, 



d5 



ds = ln 



+ i=l,...,N. 



(2.10) 



Suppose, furthermore, that V: K \ {0} — >]R z's regular, namely: 
(i) /2^^(x) S on U (uf_Y {J'^ i, a^}) ; 

(ii) 



I 



4 ln(|x-s|)d/,i';,(s)-2hiM-V(x)-f^ = 0, xe/e. 



(2.11) 



(iii) 



which defines the 'even' variational constant 4 £ K (the same on each — compact — interval 
i = l,...,N+l),and 

4 ln(|x - s|) dp-^s) - 2 hi |x| - V{x) - 4 < 0, x e R \ J^; 

gl(z) +gl(z) - V{z)-€e+2.Qe < 0, z e R \ ^, 
g^(z):= r hi((z-s)2(zs)-i)dfi^^(s), zeC\(-(x,,max{0,fl^^i}), 

Q.- r ln(s)df/^^(s)= r ln(|s|)dH'^,(s)+i7i f dp'y(s) 



where 



with 



(2.12) 
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0, 

= r ln(|s|)d/^,(s) + i7i 1. 



/,c]R+, 
/,c]R_, 



(iv) 



Jj:' d^i^^(s), {a^.,Vj)3Q, j=l,...,N; 
i(/,(z)-/_(z))'>0, ze/,. 



m°°{z) = 



|arr(z), zeC+, 
-i9jr(z)cJ2, zeC-, 



where {Aei{nf°{z)) = l) 



9JJ°°(z) = 



(/(2)-(/(z)ri) 

2i "'21^^'' 



(/(z)-(/(z))-') „ . . 
2i "42^'''' 



/(z):= 



z-K 



N+l / j-^i \ t'^ 



z-V, 



r«(cx.)+d,)0^(»^(z)-j^Q"+d,) 

0^«(cx,) + d,)0-'(-M-'(z)-^Q'' + d.) 

e\u%{^)-^n'+d,)ff{-u^{z)+d,)' 
ff{u%{^)+d,)&{u'{z)-^n'-d,) 
d\-u%{^)-^d'-d,)e\u^[z)-d,)' 

ff{u%{^)+d,)e\-u'{z)-^Qt-d,) 



m\^{z): 
m\^{z):-- 
1^21 (z)- 
mUz)-.-- 



with 



u\z)= r 



KM 



fy{s)As, i=l,...,N, 



and 



where 



( N+i „2':.- 
/=1 



jz^'^}^.^^ = jz^ e C^; (/(z) + (/(z))-i)b=,. = 

with z''r^ e {ff., V^-^ (c C±), ; = 1, . . . , N. 

Let Y: C \ ]R ^ SL2(C) fe t/xe unique solution o/RHPl whose integral representations 

e 

Lemma 2.2.1; m particular, 7i2n(z) (Y(z))ii. T/zen; 
(l)/orzeT^;(cC+), 

7i2„(z) = exp(n(^^(z) + Q.))((m-(z))ii(l + l(3^L(z))n+C'(^)) 

+ (;^-(2))2i(i(r^(z))i2+6)(^))). 
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and 



"^^^ ^ = exp(-«(^^(z)-4 + Q.))(»^"(z))i2l + -(3?L(z))ii 

S — Z ZTTl «^oo \ \ n 



where 



/=i ^ y-1' 

N+l ^ 



.o(l)).o^>(z)).(i(:RL(z)).-^o(l))), 



i-l (z-flO 



with, for i = l, . . . ,N+1, 



7^ 



-i(si + h)jXij(&^_j)-Kj(!;;'_i)}) 



(K^i(;';_i))'(-isi(Q'o(^y-i))"l2nl(f';_i) 

-Q'i(^';il)(Q^o(^;-l))"1+i*l|Qo(^;-l) 

-(Q'o('';-i))"HNi(/^;'_i))2' 

+ 2(si-fi)Ni(l;;:_,)) 



(4(f'^_i))'(-isi(Q^o(^;-i))"l211i(f'^_i) 
-2{s^-t,)i<l^{¥._^)) 



><{^\iby,)+^U{by,)-Qi{by,) 

x(Q^(^'^_i))-i|+fijQ^(^';'_i) 

+ iQl{by,))-'i<\{by,)i<\{by,)} 

+ i(si+fi)jN|(fc;:_j)-Nij(bJ_j))) 



x^,(«px^(flp(-sijQ^i(flJ) 

x{(Q^o(«;))"' + Qo(«P^l(«P^-l(«;)l 

i(si + ti)jXi,(flp-Xi(ap}) 



+ 1 



xl|(flp}+ifijQ^(flp(K}(ap)2 
-(Q^(flp)-i-2(si-fi)Ni(flp) 



(x^(flp)2(isijQ^,(flp+2Q^o(flp 
xnij(flp}+ifijQ^o(flp(Nij(flp)2 

-(Q^o(«y))"1+2(si-fi)^li(«p) 



x^,(flpx^(flp(sijQ^,(flp 

:|(Q^(«p)-'+Q^(flpN|(flpNi,(flp} 
+ i(si+fi)jN|(flp-Nij(flp}) 



72' 



k=l \ 



N+l ''O 

N 




z = 0,N+l, 



-^0 N+l ) 



(2.22) 



(2.23) 



(2.24) 
(2.25) 



(2.26) 



(2.27) 



(2.28) 
(2.29) 
(2.30) 
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fl' -V\\ 



fc=l\-N+l "fc/j 



1/2 



Ql(^'/) = ^Qo(^;) 



I=Y\'"N+i K ''n+i 4/ ''n+i "o; 
( (b'-bV) tifb'-K^Jtfb'-V^]^'^ 



^ N+1 ; ]' k=\\ ] kj 



--.a'-b. 
i=j+i\ I I J) 



Vl^ L 

l-iW-b' ¥.-c 



— .¥-¥, v.- a' 

k=\ \ 1 k 1 kJ 
Kk^j 



+ 



b'-b' V-a' V-a'. 

; ; N+1 ; ; 



n 



vf^ ^1 

k=l \ 1 k ] kJ 



1/2 



;=;+lV / jj) 
1 



\k*j 



«j-«N+i 



4(5) 



e\-u%{^)-d,)d\u%{^)-^cT-d,) 



d\-ui{^)-^ci'-de)d'{uiiEyd,)' 



, ei,£2 = ±l, 

^^^^^ 0"(£l«';(4) + £2d,) 0"(£i«';(.£)-^Q" + £2^i.) \e"(£lU';(£) + £2d.) 

u^(£i,£2,0;£K(£i,£2,Q';5) 



0^(£l ii) + £2de)e\ElU%{i) - + £2^,) ' 



u^(£i, £2, Q", 5) - 27iAi(£i, £2, a D^(£i, £2, 4) := -In^^liei, ei, 

Af(£l,£2,Q',4)= (r^,(^));'e2m(m,£i<(4)-^n'-+£,dJ+ra(m,T'm)^ 7' = 1,2, 



r.(5):= 



meZ" 

2(m, ±,(5)) 



N 
(c=l 

( N 



k=l 

N 



1/2 



(«N+l-^0)n(''N+l-''D(«N+l-4) 



k=l 

i-l 



1/2 



l=j+l , 



k=l 



1/2 



(2.31) 
(2.32) 

(2.33) 
(2.34) 

(2.35) 
(2.36) 



(2.37) 
(2.38) 
(2.39) 



(2.40) 

(2.41) 
(2.42) 

(2.43) 

(2.44) 
(2.45) 

(2.46) 
(2.47) 
(2.48) 
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i-1 



/=;+! 



k=l 



1/2 



(2.49) 



where c'^.,^,, f ,k' = \, ...,N,are obtained from Equations (El) and (El), ri]f ^, iy->0, ] = !,■■ .,N+1, and 



2?o(b^)=-i(-l)X(f'o)'?(V 



V 1=1 \ '^o / ^0 "n+1 J 



+ 5(^y(«N+i))'^«U' 



2?,(bp=i(-l)^-^- 



1_\ _2 1 l_ 



S^i(ap= (-1)^-^1 



L 

k=l 



1 1 
■ + ■ 



y I k ] k) 



111 

+ — — + — — - — + 



11 I N+l j 



(2) /or zeT^ (cC), 



7i2„(z) exp(«(g^(z) + Q,))((m-(z))n(l + J(3iL(z))ii+c(^)) 
+ (^-(z))2i(i(3l^(z))i2+0(^))). 



and 



/ 

Jk 



= exp(-«(^^(z)-4+Q.))(nr(z))i2l + -(3?L(2)) 



s-z 



27ii 



(3) /or z e (c Up^^ |z e C; Re(z) e (?^^_j, ap, inf,e(b;:_^,«p I2 - < 2-1/2 mm{6;; , 6;. } ) c C+), 

7i2„(z) __=^ exp(n(/(z) + Q.))|(m-(z))ii + (m-(z))i2e-*"™/> ■/"v(^)'i^)(l + i(r^(z))ii 
+ 0(l| + ((m-(z))2i + (m-(z))22e-*'™r^"'/''^(-^)'i-^)(i(3lL(z))i2 + 



r "2«^s)e-"''<^' ds^ ^ exp(-n(g^(z)-4+Q.))fc-(z))i2(l + -(3iL(z))n+C>(l)) 



(2.50) 
(2.51) 
(2.52) 



(2.53) 
(2.54) 



(2.55) 
(2.56) 



(2.57) 



(2.58) 



(2.59) 



(2.60) 
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+ (m-(z))22(i(3lL(z))i2+0(l))); (2.61) 



(4)/or zeT^ (cU^^-^i jzeC; Re{z)e(¥._^,a'.), inf,,(,.: ^,„p |z-^|<2-V2min{6;;. ^,6;;^}|cC_), 

7i2„(z) exp(n(g^(z) + Q,))|(^-(z))n-(m"(z))i2e4"™/> + 

+ o(^))+(0«-(z))2i-(m-(z))22e*'™/> >/'vWd«)(i(3i^^(z))j2+0(i))), (2.62) 



r Z!!!!^!!!!!^ = exp(-%'^(z)-4+Q.))((m-(z))i2(l + i(3?L(z))n+4l)) 
Jjj s-z 2ra n^K) * \ \ M 

+ (>(z))22(^(3lL(z))i2+c(^))); (2.63) 



(5)/orzeQ'^'^^^ (cC+nU^^ ), 7 = 1, . . .,N+1, 



and 



7i2„(z)^=^exp(n(g^(z) + Q,))((m;;'i(z))ii(l + i(3lL(z)-3?L(z)),j+c(^)) 

+ (mW(2))^^^i(3^.^(^)_^.^(2))^^+0(^))), (2.64) 

X "'"^f-T'''' 1^ »^o. exp(-.(g^(z)-4+Q.))((m^'\z)):2(n-i(3?L(z)-3^L(z))^^ 

+ ^(;^))+«(-))22(^K(-)-3^^o.(z)),,+o(^))), (2.65) 



where 



im';'\z))n - - i V^e^" "H^'^(i(Ai(p6)(Pfc)'^'-Ai'(pfc)(pfc)-^/*)(>(z))ii 

- (Ai(pb)(p,)i/4+Ai'(pb)(Pb)"'^*)('^°°(z))i2e"'""H), (2.66) 

(m^'i(z))i2 - V^e-^ e"^"S-i<^^(i(- Ai(a;V)(pfc)i/* + a;2 Ai'(a;V/0(Pfc)-'^')('^^ 

X e'""i- +(Ai(a;Vi,)(pfc)i/4+a;2 Ai'(a;Vi,)(p6)"'^')('^°°(2))i2) , (2.67) 

(m^'^z))2i - - i V^e^"^Vi<^'(i(Ai(p6)(pb)i/4-Ai'(pfc)(pfc)-i/4)(^-(z))2i 

- (Ai(pb)(pb)i/4+Ai'(pb)(pb)-^/*)(m-(z))22e-'""M), (2.68) 

(mW(2))22- V^e-^e"^"-''/-'^'\i(-Ai(a;2p,)(pfc)i/4 + a;2Ai'(a;Vfc)(Pfc)"'^')("^'"(z))2i 

X e"'"'-> +(Ai(a;2pb)(Pfc)'^*+^^' Ai'(a;V6)(P6)"'^')('^°°(z))22) , (2.69) 

with w = exp(27ii/3). 



3lL(z):=y Ufc°: (z)V, (z) + 3i:?(z)lu. (z) , (2.70) 

^\ ;-i I'i-i J "; / 

,S^.^(z) = -2 J (R,(s))i/274(s)ds, p, = (-ne,^Jz)) , (2.71) 
Vi 'Sb._,(z) \-i(si-fi)e (si + fi) / 
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' 5fl/z) \i(si - ti)e I (si + fi) / 

J a' 

,/ 

andli}'^ (z) fresp., lu'; (z)) the indicator (characteristic) function of the set 'V^^ (resp.,'V^ ); 

(6) for z e Q^'^^ (c C+ n U;;^_^ ), j=l, . . . ,N+1, 

7i2„(z) exp(n(/(z) + Q,))|m;;'2(z))ii + (m^'2(z))i2e-*"™/^" fv^^^^)ll + ^{X.{z) 
- dlliz)\^+0(^)y(iml'\z)h^Hml^^^^^^^ 

and 

^'2(z))n := - i V^e^"S-i^"^(i(-a)Ai(a;pi,)(pb)i/* + a;2 Ai'(a;p6)(p6)-i/4)(>(z))ii 
+ (a;Ai(a;pfc)(pfc)i/* + a;2Ai'(«pi,)(pi,)-i^*)(>(z))i2e-'""M), 

(m^'2(z))i2 := V^e-^e"^"S-*'^(i(-Ai(a;Vfc)(pfc)i/* + a;2Ai'(a;pb)(pb)-i^*)(m-(z))u 
X e'""/-i +(Ai(a;V6)(P6)'^' + a^' Ai'(a;p6)(p6)-i^4)(>(z))i2) , 

(m,';'2(z))2i - - i V^e^"^''M<^)(i(-a, Ai(a)p,0(p,0'^' + a^' Ai'(a)p6)(p6)-i/*)(m-(z))2i 
+ (a;Ai(a;p6)(pfc)i/* + a;2Ai'(«p,0(p,,)"'^')(m°°(z))22e-"'"'-i), 

(m^'2(z))22 := e-^e"^"S-i'^>(i(- Ai(a;2pfc)(pfc)i/4 + a;2 Ai'(a;pb)(pb)-i^^)(m-(z))2i 
X e'"";-i +(Ai(a;V„)(P6)'^' + a^' Ai'(a;p6)(p6)-i^4)(>(z))22) ; 

(7) for z e Q^^^^ (c C_ n U^^^ ^ ), ; = 1, . . . , N+ 1, 

7i2„(z) exp(n(/(z) + Q,))|(m;;'3(z))ii-(mf (z))i2e*"-/>' •/■^'(■^)dsj^l^l(3^.^(^) 

and 

j- 7i2„(s)e-"'^<-) d^^^^^ exp(-n(g^(z)-4+Q.))((m,^;3(z))i2(l + i(3?L(z)-3^L(z))^j 
+ ^(;Ji))+K"(-MJK(-)-3^^^(-))i2+^(^)))' 

(m^'3(z))n - - i V^e^"S-i^'^(i(-a)2 Ai(a;V;0(Pfc)'^' + t^Ai'(a)V6)(P6)"'^*)(>(z))n 
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+ (a;2Ai(a;Vb)(piO'^*+a;Ai'(wV,0(p;0"'^')('«°°(z))i2e'""H), (2.83) 

(mf (2))i2 := V^e-?e"^"''v-i<"^(i(a;2 Ai(a;pf,)(pb)^/*- Ai'(wp„)(pb)"'^')("^"'(z))ii 

xe-'""/-'-(a;2Ai(a;pb)(pi,)i/*+Ai'(a;p6)(p6)-i/4j(^«,(^))^^J^ (2.84) 

{mf{z))2^ := - i V^e^"S-i<'^(i(-a;2 Ai(a;V„)(Pfc)'^* + 'i^ Ai'(a;V6)(p6)-i^*)(m°°(z))2i 

+ (a;2Ai(a;Vb)(pb)^^*+a;Ai'(wVb)(pi,)-i/4)(>(z))22e'""H), (2.85) 

(m^'3(z))22 := V;^e-§e"^"S-i<^^(i(a;2 Ai(a;pb)(pfc)i/*- Ai'(a;p,)(pb)-i/*)(m-(z))2i 

X e"'""/-' -(w^ Ai(a;p6)(p6)^^*+Ai'(a;pb)(pfc)-i^*)(m°°(z))22) ; (2.86) 

(8) /or z e (c C_ n U^^^ ), / = 1, . . . , N+ 1, 

7i2„(z)^=^exp(n(/(z) + Q,))((m;;'*(z))n(l + ^(3?L(z)-3^L(2)),i+<5(^)) 

+ (m^'4(z))2i(i(3?^^(z)-r^(z))^^+6>(l))), (2.87) 

and 

7i2„(s)^e-"^(-) ^^^^ exp(-n(g^(z)-4+Q.))((/«*'^z))i2(l + ^(3?L(2)-3^L(z))^j 

+ ^^))+(<(^))22(J(3^^oo(z)-3^L(z)),,+o(^))), (2.88) 

(m^'^z))n := - i V^e^"^Vi<^'(i(Ai(pi,)(p,)i/4-Ai'(p,)(p6)-i/*)(m-(z))n 

- (Ai(pfe)(p,)i/4+Ai'(p,)(p,)-i/4)(m-(z))i2e'""H), (2.89) 

(m^'^z))i2:= V^e-§e"^"S-i<^^(i(a;2Ai(a-p6)(p,)i^*-Ai'(a;p,0(p6)-^/*)(m-(z))n 

X e-'""'-> -(a;2 Ai(a;pi,)(p„)'^'+Ai'(wpb)(p„)-i/*)(m°°(z))i2) , (2.90) 

(m^'^z))2i := - i V;^e^"^''H<^'(i(Ai(p6)(p,,)i^^-Ai'(p,)(p6)-i/*)(m-(z))2i 

- (Ai(pfc)(p„)i/4^Ai'(pfc)(pfc)-i/4)(m-(z))22e'""H), (2.91) 
(m^'^z))22 := V^e-^e"^"S-*'\i(a;2 Ai(a;pb)(p,)i^*- Ai'(a;pfc)(pb)-i/*)(m-'(z))2i 

X e-"'"^' -(a;2 Ai(a;pb)(pfc)i/4+Ai'(wp6)(Pfc)-i^')(m'"(z))22) ; (2.92) 

(9) /orzeQ:f (cC+ n U'^^^), ; = 1, . . 

7Z2„(z)^=^exp(n(g^(z) + Q,))((m;'i(z))ii(l + l(3?L(z)-3^L(z))i,+C'(^)) 

+ (m;-i(z))2i(l(3^^„(z)-^^(z))^^+C)(l))), (2.93) 

X^^^'t?^ ^ „=^ exp(-n(g^(z)-4+Q.))(('<(z))i2(l + J(3?L(z)-^L(2)),, 

+ ^;^)) + ('«;'^-))22(^(3^L(z)-3^L(z)),,+0(^))), (2.94) 

(m;'i(z))ii := - i V^e^"^"'^'^(i(Ai(p,)(p„)i/4_Ai'(p,)(p„)-i/4)(^oo(2))^^ 
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+ (Ai(p„)(p„)i/4+Ai'(p„)(p«)-i/^)(n>(z))i2e-'""/) , 

X e'""/ +(Ai(a;V«)(pj'^'+a;' Ai'(a;V„)(p„)-i/4)(/?r (z))i2) , 
(m;'i(z))2i - - i V^e'"^"/^''(i(Ai(p,)(p„)i/4-Ai'(p,)(p„)-i/*)(m«'(z))2i 

+ (Ai(p„)(p„)i/*+ Ai'(p„)(p„)-i/*)(m-(z))22e-'""/) , 
(m;'i(z))22- ^^^e-'■^e~''"-h^'^{i(Ai{cv^p„){p„)'/^-aJ^A 

xe'""/+(Ai(a;V«)(p«)'^'+a;2Ai'(a;2p„)(p„)-i/4)(>(z))22), 

luith 

(10) for z e Q^f (c C^nUl), ] = !,..., N+1, 

'i 

mniz) =^ exp(n(/(z) + Q,))(((mf (z))n + (mf (z))i2e-4"™r^" + 

- 5?L(2))j^+0(l))+((mf(z))2i + (mf(z))22e-*'™X"-W''.(«)dsJ^^ 

and 

7i2n(s)e-"^(-) ^^^^ exp(-n(g^(z)-4+Q.))((m;'^(z))i2(l + i(3?L(z)-^L(z)),j 

(mf (z))ii := - i V^e^"-"'^''(i(-a) Ai(a;p„)(p„)i^*+a;2 Ai'(a;p„)(p„)-i/*)(m°°(z))ii 
-(a;Ai(a;p„)(p„)i/* + a;2Ai'(a;p„)(p„)-i/4j(,;^oo(2))^^g-i«o;:j^ 

Onf(z))i2 := V^e-?e-^"^'v(^)(i(Ai(a;V«)(p„)i/4-a;2Ai'(a,V«)(p«)-'^')('^ 
X e'""/ +(Ai(a;V«)(pj'^'+a;2 Ai'(a;2p„)(p„)-i/4)(^°°(z))i2) , 

(z))2i - - i V^e^"^"/''(i(-a; Ai(a;p.)(p„)i/*+a;2 Ai'(a;p„)(p„)-i/*)(m-(z))2i 
-(a;Ai(a;p„)(p«)i/* + a;2Ai'(a;p„)(p„)-i^*)(>(z))22e-"'"'), 

(z))22 := e-?e"^"-"/<''(i(Ai(a)V«)(p«)'^'-w' Ai'(wV«)(P«)"'^*)('^°°(z))2i 
xe'""/+(Ai(a;V«)(p«)'^'+a;2Ai'(a;2p„)(p„)-i/4)(^°°(z))22); 

(11) /or z e (c C_ n ), 7 = 1, . . . , N+ 1, 

7r2„(z) exp(n(g^(z)+Q,))(((mf (z))ii-(m;'3(z))i2e*"™/>' ■/'V(^)d=)(i + i(D?^^(z) 

- ^^^(z))^^+0(l))+((m;'3(z))2i-(mf(z))22e*"™r^"'/'"^(^)'^'j(i(3lL 
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and 



/ 

Jr 



^ ^ ^ „=^ exp(-n(/(z)-4+Q.))((mf (z))i2(l + -(3?L(z)-3iL(z)) 



s-z 



^(^)) + «(-))22(^(3^^oo(z)-3?L(z))^,+o(l))), (2.107) 



where 



(mf (z))ii := - i V^e^"^"^<''(i(-a;2 Ai(a;2p,)(p„)i/4+a; Ai'(wV„)(p„)-i/4)(;;z-(2))ii 

- (a;2 Ai(a;V«)(p«)'^' + a; Ai'(wV„)(p„)-i/4)(wz'"(z))i2e'""') , (2.108) 

(mf(z))i2 := V^e-?e"^"^"/*''(i(-a;2Ai(a;p„)(p„)i/*+Ai'(a)p„)(p„)-i/*)(m°°(z))ii 

X e-"'";--(a;2 Ai(a;p„)(p„)i/*+Ai'(a;p„)(p„)-i/*)(^-(z))i2) , (2.109) 
(m;'3(z))2i := - i V^e^"''V^'(i(-a;2 Ai(a)2p„)(p,,)i/4+^ Ai'(^2p^)(p^^)-i/4)(^oo(2))^^ 

- (co^ Ai(a;V«)(P«)'^' + a^ Ai'(a;V„)(p«)"'^*)(>(z))22e'""5) , (2.110) 
(mf (z))22 := V^e-*e"^"^"/<''(i(-a)2 Ai(a;p„)(p«)'^*+Ai'(a;p„)(p„)-i/*)(m°°(z))2i 

X e-"'"'-(a)2 Ai(a;p„)(p«)'^*+Ai'(a;p„)(p„)-i/*)(wz°°(z))22) ; (2.111) 

flnd(12)/o/-zeO^'* (cC- nU^^ ), /=1, . . .,N+1, 

' ' "i 

7Z2„(z)^^=^exp(n(/(z) + Q,))((m;'4(z))ii(l + l(3?L(2)-3^L(z))jj+C'(l)) 

+ (;„;-4(z))2i(i(3^^(z)-r^(z))^^+o(l))), (2.112) 



and 



I 

Jr 



^ exp(-n(^^(z)-4+Q.))(«(z)):2(l + i(3?L(z)-3^L(z))^^ 

+ ^;^)) + «(-))22(^(3^^^(-)-3^^^(-)):2+^(^)))' (2.113) 



where 



(m;'^z))n - - i V^e^"-'v''^(i(Ai(p„)(p«)i/4_Ai,(p^)(p^)-i/4j(^oo(2))^^ 

+ (Ai(p,)(pji/4+Ai'(p„)(p„)-i/4)(>(z))i2e"'"/), (2.114) 
(m;'*(z))i2 := V^e-^e"^"^V^^(i(-a;2 Ai(a-p„)(p„)i/4+Ai'(a;p„)(p„)-i/4j(^oo(2))j^ 

xe-"'"/-(a;2Ai(a;p„)(p„)i/4+Ai'(a;p„)(p„)-i/4)(>(z))i2), (2.115) 
(m;'*(z))2i := - i V;7e^"^"/^'^(i(Ai(p„)(p«)^/*-Ai'(p„)(p„)-i/*)(m-(z))2i 

+ (Ai(p„)(p„)i/4+Ai'(p„)(p«)-i^*)(>(z))22e'""'), (2.116) 
(m;'*(z))22 := V^e-^ e"^"^"'^'^(i(-a;2 Ai{cvp„){ptf/^+Ai'{cvp,){p,)-''^){m-{z))2, 

Ai(a;p„)(p„)i/4+Ai'(a;p„)(p„)-i/4)(m-(z))22) • (2.117) 



X e /- 



Remark 2.3.2. Using limiting values, if necessary, all of the above (asymptotic) formulae for 7i2n(z) 
and n2n{s)e~"'^^'^\s-z)~^ ^ have a natural interpretation on the real and imaginary axes. ■ 



Theorem 2.3.2. Let all the conditions stated in Theorem 2.3.1 be valid, and letY: C \ ]R ^ SL2(C) be the 

it 



unique solution o/RHPl. Let H*'"', (m, fc) e Z x N, be the Hankel determinants associated with the bi-infinite, 
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real-valued, strong moment sequence ^C]^ = ^s^e "^'^"^ ds, neNj^^^ defined in Equations (1.1), and let n2n{z) 

be the even degree monic orthogonal L-polynomial defined in Lemma 2.2.1, that is, n2n{z) := (Y(z))ii, ivith 
n — > oo asymptotics (in the entire complex plane) given by Theorem 2.3.1. Then, 



where 



2n 



I|H2„(v 



111 



Hi 



{-2n) n^oo 
2n+l 



Tc \ n \ n^ 



(2.118) 



(N+l 



E':=2 



e^(«^4cx.)-iLQ^ + d^)r(-M^^(cx.) + rf,) 

d'{-U'4oo)-^Q'+de)e"{u'i(cx.) + d,y 



£f':=2i 



N+1 

/=iV 



C(a3^(apyo(flp-yi^(flpS^j(flp)^(S'^(Z^^_,)S^o([^;'_j)-yi^(f;^_,)^,(b;'_i))^ 



(?o(«;))' 



(?o(^;-i))' 



(2.119) 
(2.120) 



(Q'')i2 denotes the (1 2)-element of Q", r (n) =„^co <5(1), and all the relevant parameters are defined in Theo- 



rem 2.3.1: asymptotics for 4*f"^ are obtained by taking the positive square root of both sides of Equation (2.118). 
Furthermore, then-^oo asymptotic expansion (in the entire complex plane) for the even degree orthonormal 
L-polynomial, 

(2.121) 



(p2n{z) = £,n"^n2n{z), 



toO(n ^), is given by the (scalar) multiplication of the « — > oo asymptotics of Tlx,, (z) and l}^"^ stated, respectively, 
in Theorem 2.3.1 and Equations (2.118)-(2.120). 

Remark 2.3.3. Since, from general theory (cf. Section 1), and, by construction (cf. Equations (1.2) 
and (1.8)), ^f'^ > 0, it follows, incidentally, from Theorem 2.3.2, Equations (2.118)-(2.120), that: (i) 
S^>0;and(ii)Im((Q^)i2) = 0. ■ 



3 The Equilibrium Measure, the Variational Problem, and the Tra- 
nsformed RHP 

In this section, the detailed analysis of the 'even degree' variational problem, and the associated 'even' 
equilibrium measure, is imdertaken (see Lemmas 3.1-3.3 and Lemma 3.5), including the discussion 

of the corresponding g-function, denoted, herein, as ^, and RHPl, that is, (Y(z), I+exp(-ny(z))a+, IR), 
is reformulated as an equivalent^, auxiliary RHP (see Lemma 3.4). The proofs of Lemmas 3.1-3.3 are 
modelled on the calculations of Saff-Totik ([55], Chapter 1), Deift ([90], Chapter 6), and Johansson 
[91]. 

One begins by establishing the existence of the 'even' equilibrium measure, (e Ali(]R)). 

Lemma 3.1. Let the external field V : ]R \ {0} ^ IR satisfy conditions (2.3)-(2.5), and set zv''{z) := e~^^^'. For 
ju'' e Ml (]R), define the weighted energy functional ly [f i*"] : Mi (K) R, 

ryild']- JJ ln{\s - t\^\st\-^ w' (s)w' (t))'^ diu''{s)di.i'(t), 
and consider the minimisation problem 

Py = ini{ry[^'^];^i''eMi(U)]. 

Then: (1) Ey is finite; (2) 3 ^y e Ali(]R) such that Iy[/.fy] = Ey (the infimum is attained), and ^y has finite 
weighted logarithmic energy {-co < ly[iiy] < +oo); and (3) := supp(/,i^) is compact, ]e c {z; w''{z) > 0}, and 

}e has positive logarithmic capacity, that is, cap(/p):=exp^- inf{r^[|U'']; /,i'^eA1i(/e)})>0. 

•'If there are two RHPs, (i/i{z), ui(z),ri) and (J/2(z),i^2(z),^'2), say, with 12 c fj and vi{z)lf^'yf=„^ool+o{l), then, within the 
BC framework [84], and modulo o(l) estimates, their solutions, J/i and J/2, respectively, are (asymptotically) equal. 
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Proof. Let f/e Ali(]R), and set iif{z) :=exp(-1/(z)), where V: ]R \ {0} satisfies conditions (2.3)- 
(2.5). From the definition of ] given in the Lemma, one shows that 

Iy[f'1- rr (ln(|s-fr')+ln(|s-i-ri|-i))d^^(s)d^i^(0+2 f V(s)d^i'^(s) 
X';(s,i)df/'(s)df/^(f), 



where (the symmetric kernel) 

K'y{s, t) = mt, s) := Ms - r ') +ln(|s-i - p^) + V{s) + V{t) 

(of course, the definition of lyliU'] only makes sense provided both integrals exist and are finite). 
Recall the following inequalities (see, for example. Chapter 6 of [90]): \s-t\ ^ (1 +s^)^^^(l + P)^^^ and 
|s-i-ri|^(l+s-2)i/2(i+r2)i/2^ s,fe]R, whence In(|s-f|-i)^-iln(l+s2)-lln(l+f2) andln(|s-i-ri|-i)> 

- i ln(l +S-2) - 1 ln(l + r2); thus, 

ry(s,0^^(2y(s)-ln(s2 + l)-ln(s-2 + l)) + l(2y(f)-ln(t2 + l)-ln(r2 + l)). 

Recalling conditions (2.3)-(2.5) for the external field R \ {0} ^ IR, in particular, 3 6i > (resp., 
3 62>0) such that V{x)^(l+6i)\n{x^+l) (resp., V{x)> {l+62)ln{x~^+l)) for sufficiently large \x\ (resp., 
small |x|), it follows that 2V(x)-\n(x^ + l)-]n{x~^ + l) > Cy > -co, whence X'^(s, f) > Cy (> -co), which 
shows that Ky(s, t) is bounded from below (on R^); hence. 



rr Cyd^i'is)d^'it)=cy r d^'^(s) r dif{t)>cy (>- 

JJr2 Jk Jr 



It follows from the above inequality and the definition of Ey stated in the Lemma that, V /,('' e M\ (R), 
Ey^Cy> -oo, which shows that Ey is boimded from below. Let e be an arbitrarily fixed, sufficiently 
small positive real number, and set Ep^f := {z; w\z) ^ e}; then, Ee^^ is compact, and Ep^o U^jE^^i/; = 

Uj'^^lz; iy''(z) > /"M = {z; iw''(z) > 0}. Since, for R \ {0} ^ R satisfying conditions (2.3)-(2.5), w' is 
an admissible weight [55], in which case E^o has positive logarithmic capacity, that is, cap(Eeo) = 
exp(- inf {F;,[^'']; e Mi (E,,o)}) > 0, it follows that 3 /* e N such that cap(E,,i/,.) = exp(- inf{Fy [f/'^];' jj' e 
A1i(Ee 1/;.)}) > 0, which, in turn, means that there exists a probability measure, /J^,, say, with supp(|Up c 
Ee,!/;., such that j]^^ \n{\s-t\~^\st\)d^i1.{s)d^'j,{t) < +co, where E^^^,, = Le,i/i. x Le^i/t (c R^). For z e 

supp(fip c E,,i/,., it follows that a;''(z) > 1 /P, whence Jj^^ ln(w''(s)ri;"(f))"^ dfi^s) dfi^f) < 2 ln(r) < +oo 



[fP = £[^ ln{\s-mst\-'w'{s)w'^{t)y' dp^.(s)dp^.(f)<+c 



thus, it follows that Ey :=inf{I^[/j'']; ^ti^'e Ali(R)} is finite (see, also, below). 
Choose a sequence of probability measures 

[j-QZi ^ A^i(K) such that Fy[/j^J < n • ^^o^^ t^^^ 

analysis above, it follows that 

^v¥n]=jJ^^K\,is,t)d^as)d^at)>jJj^^^^ 

+ i(2y(f)-in(f2+i)-in(r2+i))df/;;(s)d^;;(0. 

Set 

fy{z) :=2V{z) - ln(z2 + 1 ) - Mz'^ + 1 ) . 

Thenjy[^^] > V^^(s) d^(^,(s) ^ E^^+ 1 ^ ^yis) dfi'M Recalling that 3 6i > (resp., 3 62 > 0) such 
that V{x)>{l+5i)]n{x^ + l) (resp., V{x)^ {l + 62)1n{^~^ + '^)) for sufficiently large |x| (resp., small |x|), it 
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follows that, for any be > 0, 3 Me>l such that i/^'^(z)>b(, V ze {|z| ^MJ U {|z| ^MjH 3)f., which implies 
that 



>6. >-\C'y\ 
Jd, Jr\e„ Jf, 



e[0,l] 



thus. 



whence 



r df.';(s)<?^;i(E^^+|C^^|+i), 

limsup I df/f,(s)<limsup(&;i(E'{,+|Cy + -]]. 

By the Archimedean property, it follows that, V > 0, 3 N e N such that, V n > N < £„; 

thus, choosing = e~^(E^ + |C^|+eo)/ where e is some arbitrarily fixed, sufficiently small positive real 
number, it follows that limsup,j^^ ^ d/.i5',(s) < e the sequence of probability measures in 
M(IR) is tight [91] (that is, given e > 0, 3 M > 1 such that limsup„^^ \i'„{\\s\ ^ M} U {|s| < Mr'^\) := 
limsup„^^ J{"|s|>M)u||s|<M-i) ^^'^'"(s) ^ e)- Since the sequence of probabilty measures if in Mi{R) is 
tight, by a Helly Selection Theorem, there exists a (weak* convergent) subsequence of probability 
measures {/iJ^J^j in A1i(]R) converging (weakly) to a probability measure /j'' e Ali (M), symbolically 
fif,^ A as fc —> oo^. One now shows that, if /.if, A jj'^, ^uf,, /.i*^ e Ali (M), then lim inf„^oo ly [fj'^] > ly [h' ]- Since 
If'' is continuous, thus upper semi-continuous [55], there exists a sequence (ifmlm=i (resp., {V„,}J^^^) of 
continuous fimctions on ]R such that lyf^^^^ ^ iyf„ (resp., Vm+i ^ V,„)^, m e N, and ifm(z) \ ii;''(z) (resp., 
V,n{z) /'V{z)) as m-^co for every zeR; in particular, 

iy[f'«]- rr ^^y(s,f)dK;(s)dfi;;(f)> ff x^yjs,odf/;;(s)dK;(0- 

For arbitrary (^e R, ly [fif] > ff^2 P'^i^, t) d/i^(s) dn''„{t), where p''(S/ t)=p'''{t, s) := min ^q, Ky (s, t)} (bounded 
and continuous on M^). Recall that if/f,},7^i is tight in Mi(K). For > 1, let /z^(a;) eC°(]R) be such that: 

(i) If^ix) = l,xe [-M„ -M-i] U [M7i,'k] =: ^m..; 

(ii) }f^{x) = 0, x e ]R \ X!m,+i; and 

(iii) 0<ft^(x)<l,xe]R. 

Note the decomposition J[|jj, p''(f, s) d/if^(f) dfif,(s)=Jfl-(-Ji,+Jc, where 



I, 

One shows that 



" P'(f' s)(l -/zl,(s)) df/;(0 df.^(s), 

:= J]^^ f{t,s)}f^{t)¥^{s) Ay.l{t) difM 



\la\^ rr \f{t,s)\{l-}f^{s))dy.l{t)d^l{s) 



''A sequence of probability measures (fnlj^j in A1i(D) is said to converge weakly asn^ca to fie A1i(D), symbolically fi„ ^ fi, 
if fi«(/) := Jp /(s) dfi„(s)^ jp/(s) dfi(s) =: as oo V feC^{D), where 0^(0) denotes the set of all bounded, continuous 
functions on D with compact support. 

Adding a suitable constant, if necessary, which does not change fi5',„ or the regularity of V: R \ |0| — > R, one may assume 
that y S> and y,„ ^ 0, m e IN. 
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sup |p'Us)l fclfaO r {\-}f^{s)) dii',{s)+ { (l-/il,(s))d^4 



(s) 



whence 



limsup|/„|< sup |p''(t,s)| limsup I d|Li^(s)<e sup \p\t,s)\; 

(f,s)eK2 "^"^ JR\t'M,+i (t,s)€¥? 



similarly. 



lim sup 141 < e sup \p'^{t, s) 

«^<» (t,s)eR2 



Since p''(t, s) is continuous and bounded on R^, there exists, by a generalisation of the Stone- Weierst- 
rass Theorem (for the single-variable case), a polynomial in two variables, p{t, s), say, with p(t, s) = 
Lii^i, lLpj„ y,jt's>, such that |p''(f/ s)-p{t, s)| ^ e; thus. 



\}f^{t)}f^{s)f{t, s) - ¥Jt)}f^{s)p{t, s)\<e, f, s e R. 



Rewrite 4 as 



JJb? JJr2 



One now shows that 



l^fK ff h'MisW^it)\At'S)-p{t,s)\d^:,{t)d^:,is)^e f hl,is)d^f„{s) f /^^(OdK; 
JJr2 ' Jr Jr 



(f) 



\2 



f ¥^{s) dias)+ f ¥^{s) dyf„{s) f dy.'„ 



f d^ni 

Jr 



(s) <e, 



and 



1"= ff hi,{s)¥^{t)yyy,,t's'd^'„{t)d^:,is) 



/z^(f)f'dp^,(f))(X^M(s)sMfi:,(s) 



J Jr^ ^ ^ 



h'^m^(s)dy.\t)dii\s), 



whence, recalling that s) = 2Li>;„ L;>;„ Yijt's', it follows that 
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Furthermore, 

j; 



(s) 



«1 



^1 



rr p^(f,s)ii+(/!^(o-i)iii+(/;i,(s)-i)id^/^(f)dp^'(s)+e 

< rr p^(f,s)dfi"(odf/(s)+ rr p^(t,s)i;;^(s)-iid^"(f)dfi"(s)+e 

JJr2 JJr2 

+ rr p^(f,s)i/z^(o-iidfi^a)d^"(s)+ rr p^(f,s)i/z;,(f)-iii/;ii(s)-iid^/(odf(^(s) 

< rr p^(f,s)d^^(0dfj"(s)+2 sup ip^'(f,s)i r i;j^(s)-iid^/^(s) r d^'-o 

>^Jr2 (t,s)6R2 J(R\3)m,.)US)„, Jr 



+ sup |p''(f, s) 



j 



(R\3)„,)US„,, 



|/z^(0-l|d^,^(f) 



+e 



rr p'^(t,s)dfi''(i)dp''(s)+ell+2 sup |p'^(t,s)| 

JJtR^ \ (f,s)6R2 



whereupon, neglecting the 0{e^) term, and setting :=l+2 sup^^ ^j^j^j Ip'^Cf/ s)|, one obtains 

rr P''(f/S)df/'Xf)dfi'(s) + x^e. 

JJr2 

Hence, assembling the above-derived bounds for !„, 4, if, and I", one arrives at, upon setting := Ix^e, 

rr f{t,s)d^at)d^'„{s)- rr p^(f,s)dp"(odf/^xs)<e^ 

JJr2 JJr2 

thus, 

rr p''(t,s)d^;;(od^[^„(s)-> rr p''(f,s)dp''(f)df/''(s) as w^oo. 

JJr2 JJr2 
Recalling that p'^{t, s) := min K'^ (f, s)|, ni) e ]R x N, it follows from the above analysis that 

lim mf ry[^'„] > JJ min [q, K'y^^^ {t, s)| dp''(0 dfi'{s) : 

letting q1<xi and m-^co, and using the Monotone Convergence Theorem, one arrives at, upon noting 
that min [q, K\,^ {t, s)} K'yit, s), 

liminff^[fi^„]> rr r^(f,s)dp^(f)dp^(s) = IUp"], ^^„^;^'gMi(]R). 

Since, from the analysis above, it was shown that there exists a weakly (weak') convergent subse- 
quence (of probability measures) (^^J^j (c Mi{U)) of Ij.i';,]'^^^ (c Ali(]R)) with a weak limit f/''eAli(]R), 
namely, pj^^ ~* f'*^ as fc —> oo, upon recalling that Iy[p^] < + i, « e N, it follows that, in the limit as 
n ^ CO, Iy[p'^] < Ey ■— inf{Iy[p'^]; p^ e Ali(]R)}; from the latter two inequalities, it follows, thus, that 
3 p*" := py e A1i(]R), the 'even' equilibrium measure, such that Iy[py] = inf{Iy[p'']; p*" e Ali(]R)}, that is, 
the infimum is attained (the uniqueness of py e A1i(]R) is proven in Lemma 3.3 below). 

The compactness of supp(py) =: /g is now established: actually, the following proof is true for 
any p e Ali(R) achieving the above minimum; in particular, for p = py. Without loss of generality. 
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therefore, let e yVli(]R) be such that I^ffijo] = Ey, and let D be any proper subset of IR for which 
fi-,„(D) := df/-,„(s) > 0. As in [91], set 

fiUz) - (1 + e^UD))-\^iUz)+e{^-,, \d){z)) , e e (-1, 1), 

where j.i-a, Id denotes the restriction of to D (note, also, that > and bounded, and dj.if^{s) = 1). 
Using the fact that Ky{s, t) = Ky(t, s), one shows that 



= (l + £>(„,(D))-2 jj^ X^;(s,0(d^„,(s) + ed(fi„,rD)(s))(df<z»(f) + ed(fi„,rD)(f)) 
= (1 + £>(^(D))-2|r^[^(,„] +2e jj^ K'yis, t) d^,„,(s) d(^„ rD)(0 

r^(s, t) d(H,„ rD)(o d(fi„ rD)(s)J . 



(Note that all of the above integrals are finite due to the argument at the beginning of the proof.) By 
the mrnunal property of /ij„e Ali(IR), it follows that <9fl^[fij„] = 0, that is. 



but, recalling that, with xp'yiz) ■.= 2V{z)-]n{z^ + l)-]n{z-^ + l), X'^(f,s) > l4''y{s) + l^'y{t), it follows from 
the above that 

jj^^ YyUiu,] d^,„(s) d(fi,„ lorn > jj^il4^v(') + ^iK.(f))df/„,(s) d(fi,„ rD)(0 ^ 



whence 



Recalling that 



j^|i/;^^,(0 + |j^i/'^^,(s)dfi,„(s)|-2F^,[^i„,]|d(^,,„rD)(f)<0. 



l+oo, |x| -^oo, 
l+oo, |x|^0. 



il)''y(x):=2V(x)-]n{x^ + l)-]n{x-^ + l)-- 
it follows that, 3 T,„ > 1 such that 

4^vit)+ f !/^y(s)dMs)-2iUM>i for te{(-r,„,-r-i)u(r-i,T,„)f 

(note, also, that +oo > r^[/Ji„] = X'^(f, s) df/,t,(f) dfia,(s) = i/^^(5) df/,t,(.5) = a finite real number). 
Hence, if D (c R) is such that D c ({|x| ^ T,,,} U {|x| < T~/}), r,„ > 1, it follows from the above calculations 
that 

o> rfe(f)+fr iK^(s)dMs)l-2ry[f(»]ld(^„,rD)(f)>i, 



which is a contradiction; hence, supp(f-i-a,) £ [~r„„-T~^] U ['r~/,r„,], T,„ > 1; in particular, /p 
supp(|ti'^) c [-T,„, -T~/] U [r~/, r„,], r„, > l, which establishes the compactness of the support of the 
'even' equilibrium measure ^y e A1i(]R). Furthermore, it is worth noting that, since Je ■ = supp(/.iy) = 
compact (£ R \ (0, ±oo}), and 1/ : ]R \ {0} is real analytic on /<,, 

+cx,>E^^,(=r^[/^,]) > ]n(\s-t\'\st\-'w^(s)zv^{t)y' d^i\,{s)d^i\,{t) 
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= JJ^ \n{\s-t\^\st\-hv'{s)zv'{t)y' d^i\,{s) d^i\,{t) > -ex,; 



moreover, a straightforward consequence of the fact just estabUshed is that Je has positive logarithmic 
capacity, that is, cap(/e) = exp(-£'^) > 0. □ 

Remark 3.1. It is important to note from the latter part of the proof of Lemma 3.1 that }e ^ {0, ±00} . 
This can also be seen as follows. For £ some arbitrarily fixed, sufficiently small positive real number 
and Z, :={z; iv' (z) > e]AHs J) ^L, xL,, then ln{\s- t\^\st\-'^w' {s)zv'{t))-'^ -.K'yisJ) {=K'y{t,s)) >£'^ + l, 
which is a contradiction, since it was established above that the minimum is attained o (s, t) 6 x . 
Towards this end, it is enough to show that (see, for example, [55]), if {(s„, fiOl^^j is a sequence with 
limminH^ooizf'Xsii)/ io'{t„)] = 0, then lim„^oo ln(|s„ - tn\^\s„t„\~'^w''{Sn)zv'{t„))~'^ - lim„^oo -K'y(s„, t„) - +00. 
Without loss of generality, one can assume that s„ — > s and f„ ^ f as n — > 00, where s, t, or both may be 
infinite; thus, there are several cases to consider: 

(i) if s and t are finite, then, from limmin„^co{JX'''(s„), w'^^h)} - niin{if^(s), ^''(01 - 0/ it is clear that 
lim„^co Ky{sn, tn) = +00; 

(ii) if |s| = 00 (resp., \t\ = 00) but t = finite (resp., s = finite), then, due to the fact that V : ]R \ {0} ^ ]R 
satisfies the conditions 



2V{x) - ln{x^ + 1 ) - ln(x-2 + 1 ) = 



1+00, |x|^ 00, 



it follows that lim„^oo Ky{s„, t„) = +00; 

(iii) if |s| = (resp., \t\ = 0) but t = finite (resp., s = finite), then, as a result of the above conditions for 
V, it follows that lim„^co Ky{s„,t„) = +oo; 

(iv) if |s| = 00 and \t\ = 00, then, again due to the above conditions for V, it follows that lim„^oo Ky 
{Sn,tn) = +^', and 

(v) if |s| = and |f | = 0, then, again, as above, it follows that lim„^oo Ky{s„, t„) = +00. 

Hence, Ky{s, t) > £'^ + 1 if (s, t) ^ Eg x Ej, that is, if s, f, or both e {0, ±00} (which can not be the case, as 
the infimum Ey is attained o (s, t) e E^ x E^ , whence supp(/,i'^) -:Jd {0, ±00}). ■ 

In order to establish the uniqueness of the 'even' equilibrium measure, /.i^ (e Mi (K)), the following 
lemma is requisite. 

Lemma 3.2. Let j^:= i.ii-j.12, where /ii,/.(2 are non-negative, finite-moment (^upp(^,.) s"" d/,(y(s) < 00, meZ, 
= 1,2) measures on ]R supported on distinct sets (supp(/.(i) n supp(/j2) = 0), be the (unique) Jordan 
decomposition of the finite-moment signed measure on ]R ivith mean zero, that is, J^^p^f^^^^ d/i(s) = 0, and with 

supp{i.i) = compact. Suppose that -°°<Jj^2 ln(ls-fr^|sf|) d|Uy(s) dfjy(t)<+oo, ; = 1,2. Then, 

where equality holds if, and only if, j.i = 0. 

Proof. Recall the following identity [90] (see pg. 147, Equation (6.44)): for ^eR and any e>0. 



ln(£2 + £2) = ln(e2)+2Im( f ( |e-"' du ) ; 

thus, it follows that 



p'^/ e'-'^'-l 
Jo \ 



f[ ]niis-tf + £^)dpis)dpit)= f[ ln{e')d^i{s)d^i{t) 



XIr^I (X 



„i(s-t)v _ 1 '( 

'e-'-'dv\\d^{s)d^{t), 



IV 



[f ]n{s^ + e^)dp{s)dp{t)= ff ln(£2)d^,(s)df/(0 
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-^|e-"'di;l|d^i(s)d^i(0; 



+ £^^|2Im| j| |£!j-i)e-"'dz;||d^(s)d^(0, 
rr ln(P + e2)d^(s)d^(0= rr ln(e2)d^(s)d^((f) 

but, since J[j^2 d/,i(s) dfj(f) = (J^ d|U(s)j =0, one obtains, after some rearrangement, 

^^ln((s-0' + e')d^(s)d^(0 =2Im| j| e-"'|^^|^^^^^J^Jd^(s)d^,(oJdz;J, 
£^^ln(s2 + £2)d^,(s)d^,(0 =2Im| j^^ e-"'|j^^|^^Jd^(s)dp(f)jdt;), 
ln(f2 + £-2) d^,(s) d^,(0 -2Im| j^^ e-"'|^^|^^|d^(s) d^(f)Jdt.J • 

Noting that 

=0 

= - r e'™d^(s) r e-«Mf/(f), 
1^ Jr Jr 

and setting /I(z) e"^^ dfi(5), one gets that 

rr /pi(s-t)v_-i\ 1 
Jj^j— |dH(s)d^(0 = -|?(i^)P : 



IV IV 



also. 



rr 1_ r gis.^ r d^(0-l r dfi(s) r df/(f) = 0; 

JJrA IV I ' IV Jr ii'Jr Jr 

similarly. 



rr / e""-i 

JjRn ii' 



dfi(s)d^(0 = 0. 



Hence, 

|fr(z;)|2 



e-"'dz; , 



rr ln((s-0^ + e^)d^(s)d^(f) = 2Im( f 

JJr2 \Jo 

rr bi(s2 + e2-)ji^(g)d^(f)^ rr ln(f2 + e2)df/(s)df/(f) = 0. 

JJr2 JJr2 

Noting that ^1(0) = d/.((4) = 0, a Taylor expansion about v = shows that ^(c) =0^0 Ji'{0)v + 0{v^), 
where /?(0):=^p]i(u)|i,=o; thus, v~^\'ji{v)f- =j,^o\'i^' {O)\^v+0{v^), which means that there is no singularity 
in the integrand as c ^ (in fact, v~^\jl{v)f- is real analytic in a neighbourhood of the origin), whence 

I ln((s-0^ + e^)d^(s)d^(f) = -2 I v-^\'jl{v)fe-"' dv. 
JJr- Jo 

Recalling that JJ^^ + d|U(s) d/.i(f) = 0, * e {s, f}, and adding, it follows that 

//,K '''t'-;;f::;''"> M^)dM>)^2jr^--fr)Pe--M,. 
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Now, using the fact that ln((s-i)^ + e^)~^ (resp., ln(s^ + e^)^/^ and ln(f^ + £^)^/^) is (resp., are) bounded 
below (resp., above) uniformly with respect to £ and that the measures have compact support, letting 
£\t and using the Monotone Convergence Theorem, one arrives at 



where, trivially, equality holds if, and only if, j.i = 0. Furthermore, noting that, since j^dj.i{^) = 0, 
Ln(a;''(*))~^ d/,i(s) dj-i{t) = 0, * e {s, t], letting e 10 and using monotone convergence, one also arrives 

at 

rr W'(s) du(o = rr ^^-^r^^'iswit)] du(s)du(o 

JJm \((s-f)2+£>"(s)Ji^"(0/ ^ ^ nojj^. \ \st\ ^' pv; 

v-^\J[(vfdv>0, 



where, again, and trivially, equality holds if, and only if, i.i = 0. □ 
The uniqueness of fiy (e A1i(]R)) will now be established. 

Lemma 3.3. Let the external field V : ]R\ [0] satisfy conditions (2.3)-(2.5). Set iv''{z):=exp{-V{z)), and 
define 

Mi{Wi)^^, ii'^ JJ ln[\s-t\^\st\-^w'{s)zv'{t)y^ dfi'{s)dfi'{t), 
and consider the minimisation problem Ey = inf{r^[ju'']; n'' e A1i(]R)}. Then, 3! e A1i(]R) such that 

Proof. It was shown in Lemma 3.1 that 3 fiy e yV1i(R), the 'even' equilibrium measure, such 
that lylf/"^] = Ey-, therefore, it remains to establish the uniqueness of the 'even' equilibrium measure. 
Let Jly e A1i(]R) be a second probability measure for which lyf/Iy] = Ey = ly[fiy]: the argument in 
Lemma 3.1 shows that }e := supp(/Iy) = compact c R \ {0, ±oo}, and that Iy[fly] < Define the fini- 
te-moment signed measure ju'^ -—Jiy- Hy, where fly, fiyG Ali(]R), and }e n }e = 'Z), with (cf. Lemma 3.1), 
}e = supp(/iy) = compact £ R \ {0, ±oo}; thus, from Lemma 3.2 (with — > jii"), namely, 

JJ ln(\s-t\-^\st\)dfi^{s)dfi^{t)^ JJ ln[\s-tf\st\-hv'{s)zv'{t)y^ dfi\s)dfi\t)>0, 
it follows that 

J£ ln(|sf||s-r')(dfr^(s)dp^(0 + dH^y(s)df,^y(0) > £^^ln(|sf||s-f|-')(dfF^(s)d^'y(f) 

+ d^^y(s)dfr^(0), 

or, via a straightforward symmetry argument, 

ln(|si||s-r')(dMy(s) d^^(0+d^'y(s) d^i'yit)) >2jj^^ ]n{\st\\s-t\-^)djl\,{s) d^L\,{t) 

= ^J£^ \n(\st\\s-t\-^)d^\,{s) djl\,{t). 

The above shows that (since both lyffiy] and lylfly] < +oo) ln(|st||s-t|~^) is integrable with respect to 
both djly{s) d/,iy(t) and d/,/y(s) d^y(f). From an argument on pg. 149 of [90], it follows that ln(|st||s-t|~^) 
is integrable with respect to (the measure) d/ij(s) d/,i^(f ), where /ij(z) := /jy(z) + t(/Iy(z)-/iy(z)), (z, t) e 
Rx [0,1]. Set 

^,(0 := ]n(\st'\\s-trHw'{s)w'{nr') df<?(s) dp?(f') 
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(=F^[f/J]). Noting that 

d^^(s) dli\{t') = d^\,{s) d^t'yin + td^t\,{s){djl^y{t')- dp^^(f )) + f d^^^(r )(d^r^(s) - d^t'yis)) 



t'{d]i\,{s)-d^^y{s)){dji^y{n-d^\,{n), 



it follows that 



+ ln|^^(r/(s)zi;^(f'))-ij(d^r^(s)-dfi^^(s))(d^^(f')-d^,^^(r)). 

Since e Ali(]R) is a finite-moment signed measure with mean zero, that is, J^dj-i'^{£,) = J^d(/i^- 
/iy)(<^) = 0, and compact support, it follows from the analysis above and the result of Lemma 3.2 that 
5'f,(f) is convex^; thus, for f e [0, 1], 

ly [f y] < = Wt] = (f + (1 - 00) < tJ,{l) + (1 - 1)3^,{0) 

whence lylf/^] = Iy[f(y] := Ey {= const.)- Since ly[|Uj] = ^^i{t) = Ey, it follows, in particular, that 
= j£jni^-^{zif{s)wVir'y7vis)-^^^^ 



= jj^^ ln|^^)(d^I^(s)-dfi^y(s))(d^^y(f')-d^'y(t')) 
+ 2 r Vindai^y-^-yW) f d(jl'y-^'y)(s)^ 

Jr Jr 



d{]I\,-fl'y)is)diJI\,-^'y)ity, 



but, in Lemma 3.2, it was shown that 



whence J^^"' i-'\iji^-J^){Q\^ d^ = ^ ^1^(5) = ^^(S), « > 0. Noting that 



]IU-^)= I e'^(-«d^I^(s) = ^^(5) and ^/^y(-^): 



Jr 



i^y(s) = /y(^). 



it follows from fiy(<5) = l-iyid, ^ > 0, via a complex-conjugation argument, that iiy{-E,) = fiy{-i,), ^>0; 

hence, Jiy{£,) = l^y(£,), <5 e IR- The latter relation shows that e^'*'^ d{]Iy- j.iy){s) = fTy = jj-y) thus the 
uniqueness of the 'even' equilibrium measure. □ 
Before proceeding to Lemma 3.4, the following observations, which are interesting, non-trivial 
and important results in their own right, should be noted. Let V: R \ {0} IR satisfy conditions (2.3)- 
(2.5). For each « e N and any 2n-tuple {x\,X2, ■ ■ .,^2«) of distinct, finite and non-zero real numbers, 
let 



inf 



2n(2n-l) {xi,,r2,...,x2„)cR\|0) 



2n 

\n\\xj-x^\ 



l,k=l 

V j*k 



x-^-x-^ 



) +2{2n-l)Y^V{x,) 

1=1 



'If / is twice differentiable on {a, h), then /" (.r) > on («, b) is both a necessary and sufficient condition that / be convex on 
(a,b). 
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For each n e N, a set jxj, x^^,..., x^,, } which realizes the above infimum, that is. 



= - 

2n{2n-l) 



2" 

Y^ln(\x]-xl\\ixy-{x^^-^ 



j,k=i 

V j*k 



N-1 2« _ 

j +2(2n-l)2]^y(xf) 

1=1 



will be called (with slight abuse of nomenclature) a generalised weighted 2n-Fekete set, and the points 
xj, • • • / ^^^^ called generalised weighted Fekete points. For ^xl^, x^^, . . . , x^^^ | a generalised weighted 
2«-Fekete set, denote by 

In 



where 6 j, / = 1,. . .,2n, is the Dirac delta measure (atomic mass) concentrated at x , the normalised 

■' 

counting measure, that is, <^i^\{s) = 1- Then, mimicking the calculations in Chapter 6 of [90] and the 
techniques used to prove Theorem 1.34 in [56] (see, in particular. Section 2 of [56]), one proves that 
(the details are left to the interested reader): 
• lim„^oo ti^n exists, more precisely. 



lim b,^, = E^^, = inf{f^[/]; p'^eMi(R)}, 

n—>oa 

where (the functional) ly[/i'']: A1i(]R) ^ IR is defined in Lemma 3.1, and lim„^oo exp(-b^„) = 
exp(-£^) is positive and finite; 
• jU^j converges weakly (in the weak-* topology of measures) to the 'even' equilibrium measure 

l-iy, that is, fi^j A jjy as n^ CO. 

e — 

RHPl, that is, (Y(z),l + exp(-ny(z))CT+,]R), is now reformulated as an equivalent, auxiliary RHP 
normalised at infinity. 

Notational Remark 3.1. For completeness, the integrand appearing in the definition of ^'{z) (see 
Lemma 3.4 below) is defined as follows: ln((z-s)^(zs)~^) := 21n(z-s)-lnz-lns, where, for s < 0, 
lns:=ln|s|+iTi. ■ 

Lemma 3.4. Let the external field V: ]R \ {0} — > R satisfy conditions (2.3)-(2.5). For the associated 'even' 

e 

equilibrium measure, ^ly e Mi (M), set ]e := supp(/.i^), where }e {= compact) c ]R \ {0, +oo}, and letY: C \ IR ^ 
SL2(C) be the (unique) solution of RHPl. Let 

M(z) e"^'^'^<''^)Y(z)e-"(«"'■<"'■'Q''"^ 
where g'^{z), the 'even' g-function, is defined by 

/(z):= J|^ln((z-s)^(zs)"^)d|U'^,(s), zeC \ (-oo,max{0,max{supp(f;'^)}}), 

te (gIR)/ the 'even' variational constant, is given in Lemma 3.6 below, and 

Q,:=J|^ln(s)dfi^^(s). 

e e 

Then M: C \ R ^ SL2(C) solves the following (normalised at infinity) RHP: (i) M(z) is holomorphic for 

e e 

zgC \ ]R; (ii) the boundary values M±(z) :=lim ^'^z M(2') satisfy the jump condition 

±lm(z')>0 



M+(z) = M-(z) 



-n{g-l(z)-g'_(z)) nfe';(z)+/_(z)-V(z)-f,+2Q,) 







, zelR, 



where f^{z):=\im,yQf{z±ie); (iii) M(z)=z^c«I+C)(z-i); and (iv) M(z)=,^oC)(l). 

2eC\K z£C\K 
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Proof. For (arbitrary) Zi,Z2 e C±, note that, from the definition of g''(z) stated in the Lemma, 
^"''(22) -g''(zi) = in f^^ 'f"^(s) ds, where 



J'':C\ (supp(^'^) U {0})^C, zh 



.1(1.2 f 



s-z 



with T{z) =z^o (since jil, e Mi(]R); in particular, jj^ s'" d/,i"^(s) < 00, m e Z); thus, |g'(z2)-g''(zi)| < 

71 sup^gi,^ |?'''(z)||z2-Zi|, that is, ^""(z) is uniformly Lipschitz continuous in C+. Thus, from the definition 
of g'^{z) stated in the Lemma: 

(1) for s e /(,, z e C \ (-oo,max{0,max{supp(/.i^)}}), with \s/z\ 1, and jiy e Mi(R), in particular, 
f^d^yis) (= fj dj.i'yis)) = 1 and j^s'" dj^'yis) {= fj s'" d/j'^,(s)) < 00, m e N, it follows from the 

expansions ^ = - L[=o ?^ + z'+C-z) ' '^'^O' ^'^'^ ln(z-s)=|2|^c«ln(z)-E^^i i(f)^ that 

g'{z) = ln(z)-Q,+0(z-i), 

C\K3z— »K) 

where Qe is defined in the Lemma; 

(2) for s e /e, z e C \ (-00, max(0,max(supp(|U^)}}), with \z/s\ «c 1, and e A1i(]R), in particular, 

s-"' dj-i'yis) (= j^^ s"'" d^'yis)) < 00, m e N, it follows from the expansions ^^=- ^+7^^)' 
ZeZJ, and ln(s-zH|,|^oln(s)-Er=i lUf' that 

g^{z) = -ln(z)-Q,+2 r hi(|s|)d^^^(s)±27zi f df,^^(s)+0(z), 
where (see Lemma 3.5, item (1), below) 



/ 



df/^y(s) = 



/,cR+, 



X;~-dfi^(s), (appaO, ; = 1 



N. 



Items (i)-(iv) now follow from the definitions of M(z) (in terms of Y(z)) and gf{z) stated in the Lemma, 
and the above two asymptotic expansions. □ 

Lemma 3.5. Let the external field V: M \ {0} ^ R satisfy conditions (2.3)-(2.5). For ^i^y e Mi{U), the 
associated 'even' equilibrium measure, set ]e := supp(jUy), where (= compact) c M \ {0, +00). Then: (1) 
]e = U^=V(^/-i' ^'^^ N en and finite, min{supp(^'^)} ^ (-ex,, 0), a^^j := max{supp(fi^^)} ^ (0, +cx^], 
and -00 < < < < fl^ < ■ ■ ■ < < < +0°, and {&^'_^,a^)^"^^ satisfy the n-dependent and (locally) 
solvable system o/2(N+l) moment conditions 



J/.. {Us)f! 2r- 



I 



^ ns 77 



ds 



r ' i(R.(s))i/2 r 



1/2 I ^n^^ 2n ' di, 



(R,(5))f (^-s) 2m 



ds = — In 

2n 



zfftere (_Re(z))-^^^ /s defined in Theorem 2.3.1, Equation (2.8), rw/t^z (Re(z))^^^ := lim£^o(Rp(z±i£))^^^, awd 
branch of the square root chosen so that z~*'^"^^'(Rp(z))-^^^ ~z-^oa +l;and (2) the density of the 'even' equilibrium 

measure, which is absolutely continuous with respect to Lebesgue measure, is given by 



dpy{x) := :)jy{x) dx = —{Re{x)fJ^hy{x)l]Xx) dx, 



where 



Kiz) 



C% (R.(S))1/2(S-Z) 



ds 
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(real analytic for zeR \ (0)), with Cj^ (c C*) the boundary of any open doubly-connected annular region of the 
type (z'eC; 0<r<\z'\<R<+oo], where the simple outer (resp., inner) boundary jz' =_Re'^, 0<5<27t} (resp., 
{z' = re^^, ^ 5 < 2n]) is traversed clockwise (resp., counter-clockwise), with the numbers <r <R< +oo 
chosen such that, for (any) non-real z in the domain of analyticity ofV (that is, C*), int(Cy D U {z\, 
is the indicator (characteristic) function of the set Je, and i/^^(x) ^0 (resp., >0) V xe Je := u'^J^lby^a'-'.] 
(resp., V xe }e). 

Proof. One begins by showing that the support of the 'even' equilibrium measure, supp(|Uy) =: }e, 
consists of the union of a finite number of disjoint and bounded (real) intervals. Recall from Lemma 3.1 
that }p - compact C ]R \ {0, ±oo}, and that V is real analytic on ]R \ {0}, thus real analytic on }e, with 
an analytic continuation to the following (open) neighbourhood of }e, lU := {z e C; inf^gj. \z-q\ <r e 
(0, l)j \ (0}. In analogy with Equation (2.1) of [56], for each n e N and any 2n-tuple (xi, X2,..., X2„) of 
distinct, finite and non-zero real numbers, let 



V,n 



2n 



sup n \xj- 

[Xl,X2 X2„|CK\|0) yl'j.^i 

'j<k 



■Xk\ 



In 



g-2y(A7)g-2yfe) 



sup Jl |x 

{Xl,X2 .Y2„)CR\{01 j^J^^l 

)<k 

where n'Li(*) = ny"^' n'";+i(*)- Denote by jx;, x*, . . . , x*„j, with x* < x* V f < ; e {1, . . . , In], the 
associated generalised weighted 2n-Fekete set (see the discussion preceding Lemma 3.4), that is. 



V,n 



2n 



-2{2n-l)Y.i"iV{x-) 



i.k=l 

V i<k 



Proceeding, now, as in the proof of Theorem 1.34, Equation (1.35), of [56], in particular, mimicking the 
calculations on pp. 408-413 of [56] (for the proofs of Lemmas 2.3 and 2.15 therein), namely, using those 
techniques to show that, in the present case, the nearest-neighbour distances {x*^^-x*}^"~^ are not 'too 
small' as « — » oo, and the calculations on pp. 413-415 of [56] (for the proof of Lemma 2.26 therein), one 
shows that, for the regular case considered herein (cf . Subsection 2.2), the 'even' equilibrium measure, 
Hy (e Ail (]R)), is absolutely continuous with respect to Lebesgue measure, that is, the density of the 
'even' equilibrium measure has the representation d/,iy(x) := ipy{x) dx, x e supp(/,fy), where i/'y(x) > 

on /e, with !/'y(-) determined (explicitly) below^°. 
Set 

J/, (5-z) 2ra 

where, from the proof of Lemma 3.4, 



zeC\(/,U{0}), 



(3.1) 



1 1 

r{z)^ — -+2 

711 \Z 



(3.2) 



with jj —^z^ the Stieltjes transform of the 'even' equilibrium measure, and 



^"The analysis of [56] is, in some sense, more complicated than the one of the present paper, because, unlike the 'real-line' 
case considered herein, that is, supp(f('^) =: /p c K \ jO, ±oo|, the end-point effects at ±1 in [56] require special consideration 
(see, also. Section 4 of [56]). 
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denotes the Hilbert transform, with -j- denoting the principle value integral. Via the distributional 
identities ^_^^^^±^Q) = jrj^ ± mb{x - xq), with 6(-) the Dirac delta function, and J^''^ f(<;)6{E. - x)di, = 

0, xeR\(5i,52), 



where *±(z) :=limf *''(z+iO), ★ e { J{, Recall the definition of g'^{z) given in Lemma 3.4: 
^^(z)- J|^hi|^^Jd/^,(s) = j^ ln|^^Jv^^^(s)ds, zee \ (-cx,,max{0,max{W}); 

using the above distributional identities and the fact that J| i/'y(s) ds = 1, one shows that 

f-I-2f^/S^ds+27iiV^^^(z), zeh, 



{gi{z)y:=lim{gj{z±ie)-- 



whence one concludes that 



2 r !/'u(s) 2 
(g^,+^i)'(z) = - --4 I l^ds = — +47tCKV^^^)(z), ze/,, 



s-z z 



igl-g-Yiz) 



l-Aniijj'yiz), zeje, 
0, z^/,. 



Demanding that (see Lemma 3.6 below) (g^+gl)'(z) = V(z), ze }e, one shows from the above that, for 
J,3z,{{g^{z)y+lU + mz))' + 1)_ = in{^rv)i^) = l + V'{z)=^ 

W)(2) = 2^ + ^' ^e/.- (3-3) 
From Equation (3.2) and the above distributional identities, one shows that 



^-2i(9iip'y){z)+2ip\,(z), zeh, 



£j.O 



thus, for z e ]R \ (/,> U {0}), J^z) = Ji(z) = -^(i+2j^^ ds). Hence, for z ^ /, U {0}, one deduces that 
(z) = 5f ^z) . For z e /„ one notes that 

M;(z) - JCl(z) = (:r:(z))2- (yi(z))2 - 16iry{z){'Hfy){z) + 

7TZ 

and 

1 4('Ki/'?,)(z) 4ii/;^^(z) 
(3^^(z))2 = - — + '^'^ + -4(('KV^';,)(z))2±8iV^^^(z)CK!/^^^)(z) + i2^^yiz)f, 

n^Z^ 7TZ 7IZ 

whence ( J^(z))2-( Jl(z))2 = -^j^+\a^l,<^^{z){'H^p'^){z) ^ ^l{z)-'K''_{z) = 0; thus, for ze /„ Jf^z) = J{^z). 
The above argument shows, therefore, that 7{^{z) is analytic across IR \ {0); in fact, IK''(z) is entire for 
z e C*. Recalling that ^i^y e Mi{U), in particular, s"™ d^'^is) = jj s-"'i/;^^,(s) ds < oo, m e N, one shows 

that, for |z/s| <«C 1, with s e /<, and z ^ /„ via the expansion ^ = - L[=o ^ + 7^^)' ' ^ / 



(:r^(z))2 = -^-ll± f s-M^^^(s)]+6>(l), 
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whence, upon recalling the definition of 3i'^{z), in particular, for |z/£| 1, with £,eje and z ^ J^,, via the 
expansion ^=-^[=0 + ^^(z-a ' '^^o' 



I 



(16i^^^(^)W^)(5)-51^^) d£ ^^^^^ 



it follows that 



2^0 n^z^ z\n^ jj^ I 



which shows that J{''(z) has a pole of order 2 at z = 0, with Res(IK'^(z);0) = -^n ^ j| s ^ d/,(y(s). One 
learns from the above analysis that z^'K'[z) is entire: look, in particular, at the behaviour of z^[K''(z) as 
|z| CO. Recalling Equations (3.1) and (3.2), one shows that, for /.i^ e Ai\ (M), in particular, j| df/y(s) = 1 

and j| s'" dfi'^(s) < oo, m e N, for |s/z| « 1, with s e and z ^ /e, via the expansion ^ = - L[=o ?^+ z'+C-2) ' 



-z 16iV;^^(s)('K!/.^^)(s)--^^ — ^ 6>(z-i); 
thus, due to the entirety of 3^''(z), it follows, by a generalisation of Liouville's Theorem, that 



1 r / 8ii/^^,(s)\ ds 



7TS / 27Ti 



8i!/''v(s)\ ds 
16i'/'^v(s)Wv)(s)-^^U-=0. 



Substituting Equation (3.1) into the above formula, one notes that 

Via Equation (3.3), it follows that leii/'y (s)('Ki/'^^)(s)-^^ = ^'"^'y^'^^'^'^ ■ substituting the latter expression 
into the above equation, and re-arranging, one obtains. 



2 r V (tw (t) 1 2 r ~ 2 r~ 

^^'^"^^'"^ J, ^y'(a>/'^^(5)d4-^ y'(5)V'^^(5)d4=o. (3.5) 



But 



2_ r v'{^Wy{i) _ 2 r {v'ii)~v'iz))rvii) 2 r v'{z)rv{Q 

J], "S-z Jj^. i-z tt2 J^^ - 



2_ r (v-(g)-v-(z))i/>-^(g) iv^(z)/2 r tyi^) ^\ 



= -?''(2)-(i7I2)-l 

(y'(5)-V'(z))!/.^^,(5) iV'(z)J^'(z) V'{z) 
r d4 ^ : 

4-Z 71 Tl'^Z 
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substituting the above into Equation (3.5), one arrives at, upon completing the square and re-arrang- 
ing terms. 



< — q^^(z) 



2n 



= 0, (3.6) 



where 

q'v(z):= 



y'(z)^' - 



+ —^-2 j^ ' ^-z | (5+z)y'(^)./^^^(.£)d5|. 



(Equation (3.6) above generaUzes Equation (3.5) for q^^\x) in [58] for the case when V: ]R \ {0} ^ IR 
is real analytic; moreover, it is analogous to Equation (1.37) of [56].) Note that, since V: ]R \ {0} ^ IR 
satisfies conditions (2.3)-(2.5), it follows from a'-jS' = (a-|S)(a'"i-Ha'"2j3-i-- ■ ■ + aj3'"2+|S'-i), /eN, that 
(fyiz) is real analytic on ]e (and real analytic on R \ {0}). For x e ]e, set z := x+ie, and consider the £\t 

limit of Equation (3.6): lim^|o(3^''(^+ie)+^^-^^)^ = (?t W+^^IF^)^ (^^ V is real analytic on recalling 

that J%{x) = —i^~2i{'Hip'y){x)-2ip'y{x), via Equation (3.3), it follows that Jl{x) = -2i/;';(x) ^ 

(Jlix) + i^)2 = {2^'y{x)f, whence {ip'yix))^ = -q'y{x)/{2nf, x e /„ whereupon, using the fact that (see 

above) ipyix) > V x e /(,, it follows that qy(x) ^ 0, x e Je) moreover, as a by-product, decomposing 
qy(x), for x e }e, into positive and negative parts, that is, c\y{x) = (q^(x))"^ - (q^(x))~, x e ]e, where 

(q^(x))=^ := max|±q^(x),o| {> 0), one learns from the above analysis that, for x e ]e, (q^(x))"^ = and 
tvi^) = and, since Jj^tyi^) ds = 1, it follows that ^ ((q^^(s))-)i/2 ds = 1, which gives 

rise to the interesting fact that the function (q^(x))~ ^ on }e. (Even though (q^(x))~ depends on 
d^/^(x) = xpy{x)dx, and thus 4>y{x) = ^((q^(x))~)^^2 is an implicit representation for ^y, it is still a 
useful relation which can be used to obtain additional, valuable information about ipy.) For x^ ]g, set 

z := x+ie, and (again) study the e j limit of Equation (3.6): in this case, limc|o(3^''(^+ig) + 2n '^^ )^ = 
{'J%{x)+'^f = {y{x) + i^)2; recalling that, for x i /„ n^) = +2 ^ ds) =j-^ -2i{'H^^y){x), 

substituting the latter expression into Equation (3.6), one arrives at {^-2{'H\l)y)(x)+^^^Y = qy{x)/n-^, 

x^Je (since V' is real analytic on (R \ {0}) \ }e, it follows that qy(x), too, is real analytic on (R \ (0)) \ Je, 
in which case, this latter relation merely states that, for x = 0, +oo = +oo), whence qy(x) > V x^J^. 

Now, recalling that, on a compact subset of R, an analytic function changes sign an at most 
countable number of times, it follows from the above argument, the fact that V: R \ {0} ^ R satisfying 
conditions (2.3)-(2.5) is regular (cf. Subsection 2.2), in particular, V is real analytic in the (open) 
neighbourhood HJ := {ze C; inf^gj, \z-q\ < re (0, 1)} \ {0}, j.iy has compact support, and mimicking a part 
of the calculations subsumed in the proof of Theorem 1.38 in [56], that }e := supp(/i'^) = {xe R; qy(x) < 0} 
consists of the disjoint union of a finite number of bounded (real) intervals, with representation 
Je ■■= Up;^/", where J". := [¥._^,a'.l with NeN and finite, :=min(/,} ^ (-oo,0}, fl^^j :=max{/,} i {0, +co}, 

and -co < fog < flj < fcj < fl^ < ■ ■ ■ < < fl^+i < (One notes that V is real analytic in, say, the 
open neighbourhood U := Up^^Uj, where TUy := {z e C*; inf,,e;.: \z-q\< rj e (0, 1)), with U, n Uj = 0, 
i j = 1, . . . ,N +1.) Furthermore, as a by-product of the above representation for }e, it follows that, 
since n = 0, ; = 1, . . . , N+ 1, meas(/,) = if^V 1^ '-i "« -I < 

It remains, still, to determine the 2(N+1) conditions satisfied by the end-points of the support 
of the 'even' equilibrium measure, {fo^_j,fl^}p^^. Towards this end, one proceeds as follows. From the 
formula for 3^''(z) given in Equation (3.2): 

(i) for jUy e A1i(R), in particular, dfi^(s) = 1 and s'" djj.y(s) <co, me'N, se }e and z ^ }e, with 

|s/zKl (e.g., |z|»max^=i N+i(l^y_i-flyl}), via the expansion = - jf^-hp^|^, /eZ+, one 

gets that T(z) =,_^^ 4^ +0(z-^); 

(ii) for j.iy e A1i(R), in particular, J^s~"' d/i^(s) < oo, m e N, s e /e and z ^ J^, with \z/s\ <^ 1 (e.g., 

|z| <^ miny=i N+i{|fo^_i -Qyl}), via the expansion ^ = - ZLo + si*\z-s) ' ^ ^ ^o' S^*^ 

?^(z)=,^o-i+0(l). 

Recalling, also, the formulae for 5'^(z) given in Equation (3.4), one deduces that 5'^(z)f5'l (z) = -iV'{z)/n, 
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ze Je, and J!J.(z)-yi(z) = 0, z^ /(,; thus, one learns that C \ {Je U {0})^C solves the following (scalar 
and homogeneous) RHP: 

(1) y^(z) is holomorphic (resp., meromorphic) for zeC \ (/e U {0}) (resp., zeC \ Je); 

(2) J^(z) := lim4o5''(z±ie) satisfy the boundary condition 3'l{z) + T_{z) = -iV'{z)/n, z e /„ with 
J^(z) = yi(z):=J''(z)forz^/,; 

(3) J''(z)=z^«,4j+0(z-2);and 

(4) Res(5-'"(z);0) = -l/ra. 

The solution of this RHP is (see, for example, [95]) 



y^(2) = — -+(R.(z)) 

7T1Z 



1/2 



MTTS ITT ' 



(R,(s))f (s-z) 2m 



— , 2eC\(/,U(0}), 



where (Re(z))^'-^ is defined in the Lemma, with (Reiz))]!^ := limt jo(^?e(z±ie))^^^, and the branch of the 
square root is chosen so that z~*'^"^^'(]?f,(z))^^^~2^co ±1- (Note that (R^(z))^^^ is pure imaginary on /p.) It 

;eC± 

follows from the above integral representation for y{z) that, for sefe and z i Je, with |s/z| ^ 1 (e.g., 
|z|»max^=i,...,N+i{|^'y_i-fl^|}), via the expansion = - L[.=o F^ + z'+C-z) ' ^^^o' 



J^(z) = - — ^ ' '-^ 1^ ! + £ + .. . + 

z^oo iTiz z J^^ (R.(s))y^ \ z z'^ 



,N+1 



_ds_ 

2ni 



now, recalling from above that 3''^(z) =z^oo ;nz''"^(z follows that, upon removing the secular 
(growing) terms. 



rf- 



2i_ iV'(s) 

7ZS 



S' 



{Reis)) 



^=0, /=0 N 



1/2 2ra 



(which gives IV +1 (real) moment conditions), and, upon equating z ^ terms, 

s'^+i ds 2 



2i_ iy'(s) 

ns n 



{Re{s))]!^ 27li Tli' 



it remains, therefore, to determine an additional 2(N+1)-(N + 1)-1 = N (real) moment conditions. 
From the integral representation for 3^'^(z), a residue calculus calculation shows that 



iV'jz) (Reiz)) 

In 



1/2 



/2i I iV'(s)^ 



ds 



c; (R.(s))i/2(s-z) 2m' 



(3.7) 



where (c C*) denotes the boundary of any open doubly-connected annular region of the type 
{z' e C; < r < |z' I < R < +oo}, where the simple outer (resp., inner) boundary [z' = Re'", < 5 < In] (resp., 
{z' = re'", < 5 < 2n]) is traversed clockwise (resp., counter-clockwise), with the numbers < r < R < +oo 
chosen such that, for (any) non-real z in the domain of analyticity of V (that is, C*), int(Cy 3 Je U {z}. 
Recall from Equation (3.4) that, for ze]R\/^ (3 U^_Ja'b')),TJz) = T_{z)^-X{l+2 f ^ds), whence 
3^'-\2) + ^ = -2i('Ki/'^)(z); thus, using Equation (3.7), one arrives at 



A contour integration argument shows that 



V Tiif ^ 2m ' 



{m)m^-z) 2m' 



zeU 



Li(«pp- 



y'(s) 



27TS 4Tt 

whence, using the above expression for {^\\)y){z), ze U^j(fl^, bp, it follows that 



-'( 



i(R,(s)) 



1/2 



V ni£ ^ 27ri d4 

^.(R.(4))i/2(.£-s) 2^^ 



ds = 0, = ..,N: 



(3.8) 
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now, 'collapsing' the contour down to ]R \ {0} and using the Residue Theorem, one shows that 

KUz)f^^ £ (THz+Tf) dg_ 1 v'{z) 1^ r (^+^) d5 

2 rq(R.(5))i/2(^-z)2m 2712 47t '^^>> J/, (^-z) 2™' 

substituting the latter relation into Equation (3.8), one arrives at, after straightforward integration 
and using the Fundamental Theorem of Calculus, for j=l, . . . ,N, 



r-V. / 

Ja] \ Jj, 



Ti4 2n 



1 d4 



ds = In 
2n 



+ i^(y(ap-y(i,p). 



which give the remaining N moment conditions determining the end-points of the support of the 
'even' equilibrium measure, {¥._^, a'^.}^J^ . Since Je ^ {0, ±00} and V is real analytic on Jg, 

(Reis))'/^ = 0({s~b)_,f'-) and {R,{s)f'-=0({a'-sf^), ; = 1,...,N+1, 

which shows that all the integrals above constituting the fi-dependent system of 2(N+1) moment 
conditions for the end-points of the support of have removable singularities at V^_y fly, ; = 1, . . . , A/+1 . 

Recall from Equation (3.4) that, for z e /„ TJt) = -■i^-2i{'Hip'y)iz) + 2ip'y{z): using the fact that, 
from Equation (3.3), for ze /„ {'H\p''y){z) = 5^ + it follows that 



n(z) = ^+2ip\,{z), ze/,. 



From Equation (3.7), it follows that 

V'iz) , (R.(z))f r ij-^ + W) ds_ 
idRe{s)ms-z) 2m 



thus, equating the above two expressions for J±(z), one arrives at ^y{x) = :^^{Rc{x))]!'^hy{x)lf^{x), 
where hy{z) is defined in the Lemma, and l/,(x) is the characteristic function of the set Je, which gives 
rise to the formula for the density of the 'even' equilibrium measure, d[J-y{x) - 4>y{x) dx (the integral 
representation for hy{z) shows that it is analytic in some open subset of C* containing Je). Now, 
recalling that V: ]R \ {0} — > ]R satisfying conditions (2.3)-(2.5) is regular, and that, for s e (resp., seje), 
4''y(s) > (resp., 4>'y(s) > 0) and (Reis))]!^ = i(|R,(s)|)i/2 e i]R^ (resp., (Reis))]!^ = i(|R,(s)|)i/2 e i]R), it follows 
from the formula \py{s) - ^^{Re{s))]!^hy{s)lj^{s) and the regularity assumption, namely, hy{z) S for 
zeTe, that i\Reis)\y'%{s)>0,seJe (resp., {\Re{s)\)''%{s)>0, seje). 

Finally, it will be shown that, if /, := UpJ^[?7^_^,fl^], the end-points of the support of the 'even' 
equilibrium measure, which satisfy the n-dependent system of 2(N+1) moment conditions stated in the 
Lemma, are (real) analytic functions of Zg, thus proving the (local) solvability of the n-dependent 2(N+1) 
moment conditions. Towards this end, one follows closely the idea of the proof of Theorem 1.3 (iii) 
in [92] (see, also. Section 8 of [56], and [96]). Recall from Subsection 2.2 that V{z) := ZoV(z), where 
Zo: N X N ^ R+, («, 3V) f-> Zo := 'N/n, and, in the double-scaling limit as 3Nf,n — > 00, z„ = l+o(l). 
Furthermore, in the analysis above, it was shown that the end-points of the support of the 'even' 
equilibrium measure were the simple zeros/roots of the function q^(z), that is (up to re-arrangement), 
{Vq, Vy ... , V^, flj, • ■ • / ^jv+il = i^e ^y{x) - 0} (these are the only roots for the regular case studied in 
this work). The function q^(x) e R(x) (the algebra of rational functions in x with coefficients in ]R) is real 
rational on ]R and real analytic on ]R\ {0}, it has analytic continuation to {z e C; inip^K \z-p\ < re (0, 1)} \ {0} 
(independent of Zg), and depends continuously on Zg', thus, its simple zeros/roots, that is, fc^ j - V^_^ {Zg) 
and fl^ = fl^(Zo), A: = l, . . .,N+1, are continuous fimctions of Zg. 

Write the large-z (e.g., |z| »maxj=i . jv+i!|fcy_i -^'yll) asymptotic expansion for 9^''(z) given above as 
follows: 

z^oo 1712 27I1Z ' ' 

y=0 
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where 



Set 



s' 

(R.(s))f 

v'isy 



ds, jeX^. 



2ns An 



ds, i = l,...,N. 



The (n-dependent) 2{N+ 1) moment conditions are, thus, equivalent to TJ = 0, / = 0, . . . , N, T^^j = -4, 

and N'j = Q, i = l, . . . , N. It will first be shown that, for regular V: ]R\ {0} ^ IR satisfying conditions (2.3)- 
(2.5), the Jacobian of the transformation {^^(Zo), . . . , fc^(Zo),fl!|(Zo), . . . , n^+i(Zo)} i-^ {T^, ■ ■ .,T^^^,Nl, 



Nl,], that is, Jac(To^ T^.v ^[ N^,) : 



._ s(T^ r^^v^i Nl,) 



, is non-zero whenever V. =V. , (Zq) and 



a'. = a'.{Zo), 7 = 1, • ■ ■ , N+1, are chosen so that /, = \Jp^^[¥._^, a'.]. Using the equation {'H4>'y){z) = {3''{z)+^ 
(cf. Equation (3.2)), one follows the analysis on pp. 778-779 of [92] to show that, for A: = l, . . .,N+1: 



k-l 



1/2 



1 / ^n(R,(z)) 

1 /^\(R^ 



k 



2ni \ da) 

r 



z-a: 



{RAs}) 

s-b 



1/2 



;eN, 
;eN, 
zeC\(]:u{0}), 
zeC\(]:u{0}), 

/=1. 



■ ds. 



J:-l 



471 \ 5< 



(R,(s))i/2 



s-(t; 



ds, /=!,... ,N; 



(Tl) 
(T2) 
(Fl) 
(F2) 
(Nl) 
(N2) 



furthermore, if one evaluates Equations (Tl) and (T2) on the solution of the n-dependent system of 
2{N+ 1) moment conditions, that is, = 0, ; = 0, . . . , N, T^^^ = -4, and =0, i = l, . . . ,N, one arrives 
at 

dTf ^5 dr: ,dT' 



k-l 



d7J_ 



da 



da' 



/ = 0,...,N+1. 



(SI) 



Via Equations (Nl), (N2), and (SI), one now computes the Jacobian of the transformation {bg{Zo), . . ., 

b^(Zo),fl^(Zo),...,fl' 

2(N+1) moment conditions: 



f_j{Zo), fl^(Zo), . . . , fl^^^(Zo)) i-> {Tg, Tj^+j, N[, N^j] on the solution of the n-dependent system of 



Jac(7^' T^.i.^( ^n)- 



"v' 0' ■ ■ ■' ' N+l'-'^l' ■ --''^N' 



d%,...,V^,a\, 



■'«N+l) 





dr^ 


dr^ 


dr^ 


dTJ 




3T[ 


dbl 

dri 




da', 

dri 




dT', 


dbl 






da', 








drr' 






N+l 




db', 

dN{ 


db\ 
dN{ 


dN{ 


da', 
dN', 


dN{ 


dN', 


■W[ 
dN^ 
-dU[ 


dMS, 
■db( 


dNS, 


dM'^ 
'da\ 


(9(72 


dM 


dbl 


db{ 




da'. 
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(4t 



A'' 



where 



1 



1 



(aP^-i (flP'^-i 

1 1 1 

si-fc;;, si-fl'; si-«^ 

1 1 1 

Sz-fcjj S2-fl'; Si-flj 



1 



Sfj-ii'; 



N+1 



1 

1 



1 



The above determinant, that is, A^, has been calculated on pg. 780 of [92] (see, also. Section 5.3, 
Equations (5.148) and (5.149) of [62]), namely. 



( 



n™,=l(s,c-S;) 



(-i)^nf=i nr=r(s;-<)(s;-fc^_i) 



rN+l 



but, for -oo < < < si < < flj < S2 < t'j ^ ■ ■ ■ < ^'^.j < fl^ < sn < < fl^+j < (which means 

that it is of a fixed sign), and J[j/ (Re(sy))^^^ dsy > 0, / = 1, . . . , N, whence 



[] J _ (i^.(s,))i/Ms, 



A^^O. 



It remains to show that dT^ / db^^ -^ and dT^/da'j^, k = 1, . . . ,N +1, too, are non-zero; for this purpose, 
one exploits the fact that = (in)"^ Jj (2s~^ + V'{s)){Re{s))~^^^ ds is independent of z. It follows from 
Equation (3.7), the integral representation for hy{z) given in the Lemma, and Equations (Fl) and (F2) 
that 



1 / dhUz) 1 



k-l 



db 



k-l 



(z-oP dT{z) 1 I dh^z) 1 



da' 



using, now, the z-independence of T^, and the fact that, for the case of regular V: R \ (0} ^ R satisfying 
conditions (2.3)-(2.5), h'y{¥._^), }fy{a'j) + Q, j^l, . . . ,N+1, one shows that 



db 



(z-flp dy{z) 



z=K 



da' 



2ni 

1 
27zi 



K{bld*0, k=l,...,N+l, 



}fy{al)i^O, fc=l,...,N+l; 



thus, via Equations (Fl) and (F2), one arrives at 



dT' 



db 



and 



k-l 



dT" 

-^ = -h'y(al)i=0, k = l,...,N+l, 



whence 



dT^ dT'r 



N+1 



- - dV, , da; 

k=\ k-l k k=l 
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Hence, Jac(r^', . . . , T^^j, ■ • ■ , ^ 0. 

It remains, still, to show that TJ, j = 0, . . . ,N+1, and i = l, . . . ,N, are (real) analytic functions 

of From the definition of T'., / e^Q, above, using the fact that they are independent of z, 

thus giving rise to zero residue contributions, a straightforward residue calculus calculation shows 
that, equivalently. 



v^-(b I— + 

17TS 



V'{s) 



s' 



(R,(s))i/2 



ds, /eZp, 



where (the closed contour) has been defined above: the only factor depending on {^^.j/fl^l^^i is 
Vi^,(z). As VR,(z) is analytic V zeC \ Up^^[b'._^,a'.], and since C;^ c C \ Up^^[b''._^,a'^, with int(C^) 3 

/(, U {z}, it follows that, in particular, VR^(zj \c'^ is an analytic function of '^^jl^^ii which implies, via 
the above (equivalent) contour integral representation of TJ, e Zg , that T^J^, fc = 0, . . . , N+ 1, are (real) 
analytic functions of {V._^, a'li^^^ . Recalling that CHip^yXz) = ^(i + iy'(z)-(R,(z))i/2/f^(z)), it follows 
from the definition of VVJ, ; = 1, . . . , N, that 



i = l,...,N: 



making the linear change of variables Uji C ^ C, si-^Uj{s) := (b^-ap ^(s-^p, j = 1, . . . ,N, which take 
each of the (compact) intervals [flp ¥.], j = l, . . . ,N, onto [0, 1], and setting 



( j ;-i N+i N+i "^""^^^ 

k3=j+l ki=j+2 



k2=l 



one arrives at 



Recalling that /z^(z) is analytic on ]R \ {0}, in particular, hy{¥._j),hy{a'') 0, j = 1, . . .,N+1, and that 
it is an analytic function of {fc^_j(Zo),fl^(Zo)}^"^j^ (since -oo < b^ < a'^^ < < a'^^ < ■ ■ ■ < ¥^ < fl^^^ < +oo), 
and noting from the definition of g{z) above that, it, too, is an analytic function of (¥.-a'^.)Uj+a'^., 
ii,Uj) e {!,..., N} X [0,1], and thus an analytic function of {¥._^{Zo),a'.{Zo)]p^^, it follows that 
i = l,. ..,N, are (real) analytic functions of {¥._^{Zo),a''j{Zo)]^J^- 

Thus, as the Jacobian of the transformation {bp(zo), . . .,fc^(Zo),flj(zo), . . .,fl^^j(zo)} i-^ {Tg, 
'^N+i' non-zero whenever {fcy_j(Zo), fl^(Zo)}pj\ the end-points of the support of the 'even' 

equilibrium measure, are chosen so that, for regular V : ]R \ {0} — > IR satisfying conditions (2.3)-(2.5), 
h = ^piWj_ya'j], and T^, j = 0,...,N+1, and N'^, k = 1, . . . ,N, are (real) analytic functions of 
{by_j(Zo), fly(Zo))pj\ it follows, via the Implicit Fimction Theorem, that by_;^(Zo), fly(Zo), ] = !,.. are 
real analytic functions of Zo. □ 

Remark 3.2. It turns out that, for V : ]R \ {0} ^ R (satisfying conditions (2.3)-(2.5)) of the form 

2m2 



9kz\ 



-2m, 



with Qke'R, k = -2m\, . . . ,2wi2, ?ni,2 e N, and (since V{±co), 1/(0) > 0) Q-2muQ2m2 > 0, the integral for 
h'yiz), that is, hy{z) = \ £. (R,(s))-i/2( J. + iZlM)(s-z)-i ds, can be evaluated explicitly Let U V^^, 

where rj;,:={z' = Re*^ R>l/£, 5e[0,27i]} (oriented clockwise), and T;, {z' = re*^ </-<£, 5e[0,27i]} 
(oriented counter-clockwise), with e some arbitrarily fixed, sufficiently small positive real number 
chosen such that: (i) d{z' e C; |z'| = e} n ,9{z' e C; |z'| = l/e} = 0; (ii) {z' e C; |z'| < e} n (/, U {z}) = 0; (iii) 
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{z' e C; |z'| > 1/e] n (Je U {z}) = 0; and (iv) {z' e C; e < |z'| < 1/e} 3 Je U {z}. A tedious, but otherwise 
straightforward, residue calculus calculation shows that 



2m2-N-2 



;=0 ko,-,kN Io,-Jn 

0^\k\+\I\4,2m2-j-N-2 
ki>0, li>0, i€{0,...,N] 



N ',-1 



(n,lo(^;ov)(n:^.oK,.i)'"') 



222'Bi+l 



2^ 2^ (-2mi-;)£)_2,„i-; 

;=-2h/i+1 ko,...,kfj k.-h 



04,\k\+\l\<2mi+j 
k;^0, li^O, ie{0 N] 



( N 



(n,lo(^';;)V)"(n:f.oK,.,)''')" 



(n?'.o^/'0(n^-o',ir'0 



where N+ e {0, . . . , N + 1} is the number of bands to the right oi z = 0, \k\ := kg + ki + ■ ■ ■ + fcjv (> 0), 

\l\ :=lo + h-\ \-In 0), and the primes (resp., double primes) on the summations mean that all 

possible sums over and {'tl^Q must be taken for which 0<fco-i \-kN+lo-\ i-/N<2m2-;-N-2, 

; = 0,...,2m2-N-2, ki>0, li>0,i = 0, ... ,N {resp., 0^ko + - ■ ■+kN+lo + - ■ ■+lN<2mi+j, i = -2mi + l, ... ,0, 
ki > 0, Z, > 0, Z = 0, . . . ,N). It is important to note that all of the above sums are finite sums: any sums 
for which the upper limit is less than the lower limit are defined to be zero, and any products in 
which the upper limit is less than the lower limit are defined to be one; for example, 2^ jio(*) ^ ^^"^ 

n7ioW:=i- 

It is also interesting to note that one may derive explicit formulae for the various moments of 
the 'even' equilibrium measure, that is, T s=^'"!/'^(s) ds, m e N, in terms of the external field and the 
function (i?e(z))^^^; without loss of generality, and for demonstrative purposes only, consider, say, the 
following moments: \, s^^ Aii^As), ] = 1,2,3 (the calculations below straightforwardly generalise to 
s=^('^+3) dj.i'yis), ke'N). Recall the following formulae for T{z) given in the proof of Lemma 3.5: 



r{z)^- 



7T1Z TZl 



I 



s-z 



zeC\(/,U{0}), 



9'{z) = — iR,{z)) 

71 IZ 



1/2 



/ 



(2i I iV'{s) \ , 

1 " fr, zeC\(/,u(0}). 
(R.(s))f (s-z) 2m 



One derives the following asymptotic expansions: (1) for fiy e Mi (IR), in particular, Jj s djUy{s) < 00, 
m e N, s e }e and z i Jc, with \z/s\ <^ 1 (e.g., |z| <^ ^inj=i,...,N+i{\b'^_i -^'■1})/ via the expansions ^ = 



-L 



J:=0 ^ + s'+i(2-s) 



,/eZ„\andln(l-.) = -Er=i 



and 



r(z) = - — -- f s-M^,^^(s)+z(-- r s-^d^i\,(s)]+z4-- f s-^ d^i'y{s)]+0{z\ 
=^ -^ + /4Q^z(Q5-P^Q^o)+z2(Q^-P^oQ^j+P^jQ^)+6>(z3)), 



where 



/y:=(-l)^^ 



P" ■= 



- N+1 

E 



1 1 
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, ; = 0,1,2; 



and (2) for p.^ e A1i(]R), in particular, d/,iy(s) = 1 and s'" d/.(^(s) < oo, ?n e N, s e and z ^ /p, with 

|s/z| « 1 (e.g., |z| » max;=i N+iil^'y.i -fl'l}), via the expansions jrj = - LLo ?^ + ^ ^ '^O' ^"'i 

ln(l-) = -Lr=i T'l*l«l' 

z.-. ^-^(1 X d,'^,(s)).l(| s3 d,^,(s)).0(z-). 



and 



where 



5*(z) = — ^+z^ 

z^oo TtlZ 



/' pe 



A. (R.(s))f \ 



ds 
27ii' 



j=l j=l 

;=1 y=i 
Recalling the following (n-dependent) N+2 moment conditions stated in Lemma 3.5, 



I 



'-^ ^ds = 0, /=0,...,N, 



and 



i 



/2i I iV'(s) . N+1 



1/2 



ds = 4. 



and equating the respective pairs of asymptotic expansions above (as z — > and z — > oo) for 3^'^{z), one 
arrives at the following expressions for the first three 'positive' and 'negative' moments of the 'even' 
equilibrium measure: 



2i , iV'(s)\„N+2 



1/2 



- N+1 



(2i + iZ:M)sN+3 ^ 



(i?,(s)) 



1/2 



1 

+ 4 



2 



\2 



16 
1 



J 

'n+1 „ 

/■n+1 r N+1 p 



ill I iy'(s) \gN+2 



(R,(s)) 



1/2 



ds 



S3d^,^^(s) = l " ds ^ 



(i?.(s))f 

2 



2i , i^^'(s)^„N+3 



(21 + lLi^)s 



{Us)) 



111 



■ds 



/-2i I iy'(s) \^N+2 



{Ms)) 



1/2 



ds 



/' ^ (n+1 



\3 



3! 



N+1 



N+1 



N+1 



/=i 



i:=l 



d^,^^(s) = -(-1) 



Cn+1 ^}|^ 
l/=l j 



/2i 

(i^.(s))fs 



ds. 
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i 



s-Mfi^^(s) = -(-1) 



^+ V\\¥' a'\ I — ^ds-- 



fN+l 

L 



V y-i 



1^^ 
+ — 



I 



/2i I i^^'(s)^ 

(R,(s))fs 



ds 



{N+1 



J/, (R.(s))f S3 



i=iV /-I 



r - 



ds + 



r - 



N+Y ^ ^ N+i 

,=iv i-i /;) ,=1 



ds 



It is important to note that all of the above integrals are real valued (since, for s e /p, (i?e(s)) 



1/2 _ 



1/2- 



sTfl' 



i(|R,(s)|)i/2giR) and bounded (since, for ] = !,.. . ,N+1, {Re{s)fl^ =siv-_^ 0{{s-V._^YI^) and (i?,(s)) 
<9((fl^-s)^^2), that is, there are removable singularities at the end-points of the support of the 'even' 
equilibrium measure). ■ 

Lemma 3.6. Let the external field V: ]R \ {0} ^ IR satisfy conditions (2.3)-(2.5). Let the 'even' equilibrium 
measure, jiy, and its support, supp(f/^) =: J^, (c ]R \ {0, ±oo}), be as described in Lemma 3.5, and let there exist 
le (elR), the 'even' variational constant, such that 



V r ln(|x- 



■s|)i/;'^,(s)ds-21n|x|-y(x)-4 =0, xe/„ 



4 J|^Ln(|x-s|)i/''{,(s)ds-21n|x|-y(x)-f^ ^0, xe]R\ J^,, 



(3.9) 



where, for V regular, the inequality in the second of Equations (3.9) is strict. Then: 

(1) g%{z)+gt{z)-V{z)-{e+2Qe = 0, zeje, whcrc g^(z):=lime^oS'''(z±ie)/ ^nd Qe is defined in Lemma 3.4; 

(2) g%{z) + ^_{z)-V{z) - (e + '2-Qi' < 0, zeR \ J^, where equality holds for at most a finite number of points, 
and, for V regular, the inequality is strict; 

(3) g%{z)-^_{z) e i/^(z), z e R, where f^: R R /s some bounded function, and, in particular, g%{z)-g'^_{z) = 

i const., z e R \ /p, where const, e R; 

(4) i{gf^{z)-gf_{z))"^0, ze Je, and where, for V regular, equality holds for at most a finite number of points. 

Proof Set (cf . Lemma 3.5) /, := U^^V ■/ where = {V._.^, = the ;th 'band', with N e N and finite, 
fog := min{supp(ju'^)} ^ {-oo, 0}, fl^^j := max{supp(/,/'^)} i {0, +00}, and -00 < Z?^ < < Z?^ < < • • • < < 
^N+i ^ ^^'^ l^y-i'^yly=i^ satisfy the n-dependent and (locally) solvable system of 2(N+1) moment 
conditions given in Lemma 3.5. Consider the following cases: (1) ze/^ := [fcy_j,ay], ] = !,..., N+1; (2) 
ze{a'., ¥^ = the ;th 'gap', ] = !,..., N; (3) ze (a^^^, +00); and (4) ze (-00, V^). 

(1) Recall the definition of ^{z) given in Lemma 3.4, namely, g''(z) := L Ln((z-s)2/zs)i/^?,(s)ds, 
z e C \ (-oo,max{0,fl^^j}), where the representation (cf. Lemma 3.5) d|Uy(s) = i/^y(s)ds, s e ]e, was 
substituted into the latter formula. For ze^., ] = !,... ,'N+l, one shows that 



iP'y{s)dS-Q,- 



gl{z) = 2 r ln(|z-s|)!/.^^(s)ds±27zi 

J J, 

where g^(z):=lim4og''(z±i£), and Q^,:= j| bi(s)i/'^(s) ds, whence 

g^z)-gl(z) = 4m J ">^;,(s) ds+ 




0, z>0, 
-27ii, z < 0, 



Asymptotics of Even Degree Orthogonal Laurent Polynomials 



67 



which shows that g%{z)-g^_{z) e ilR, and 'Re{g^^{z)-g^_{z)) = 0; moreover, using the Fundamental Theorem 
of Calculus, one shows that {g+{z)-g^_{z)y = -4:niipy{z), whence i{g+{z)- g'Liz))' = Anip'yiz) > 0, since 
ipy(z) > V z e /e (d fj, i = l, . . . ,N+1). Furthermore, using the first of Equations (3.9), one shows that 



g^+(z) +/_(z) - V{z) - h+2Q, = 4 r ln(|z-s|)V^^^(s) ds-2 In |z| - y(z) - = 0, 

which gives the formula for the 'even' variational constant (g IR)/ which is the same [92, 97] (see, 
also, Section 7 of [56]) for each compact interval }'^., ] = !,... ,N+1; in particular, 

2 N+l „flf 

' ln(|l(b^+fl^^i)-s|)(|R,(s)|)i/X(s)ds-21n|i(b^+fl^,,)|-y(l(fo^+fl^,i)), 

where (|Rf,(s)|)^^^/j^(s) > 0, = 1, . . . , N+ 1, and where there are no singularities in the integrand, since, 
for (any) r>0, lim|.Y|^o |xrin|x| = 0. 

(2) For ze{a'^., V), ] = !,.. .,N, one shows that 



I I' 

N+l pflf 

ln(|z-s|)!/'^^,(s)ds±2m y ip'y{s)ds-Q, 



|ln|z|, z>0, 
Iln|z|±i7i, z<0. 



whence 



^^z)-^l(z) = 4m ip'y{s)ds+ 



N+l 



(0, z>0, 
\-2ni, z<0. 



which shows that g+(z)-g!L(z) = i const., with const, e R, and Re(g+(z)-g-^(z)) = 0; moreover, i(g!J.(z)- 
g-{z)y = 0. One notes from the above formulae for g±(z) that 

(z) + g'_{z) - V{z) - 4 + 2Q, = 4 ln(|z - s|)!/'^^(s) ds - 2 In |z| - V{z) - 

Recalling that (cf. Lemma 3.5) 'H: X^^^^, X^^^^^, / {'Hf){z) := f^{^§ f , where f denotes the 
principle value integral, one shows that, for ze (fl^, V.), ] = !,... ,N, 

4 r ln(|z-s|)V^t'(s)ds = 47i f CHV^'^)(s) ds+4 f ln(|fl^-s|)i/'^^(s)ds; 



thus. 



g^^(z)+/_(z)- y(z)-4+2Q, = in £mfv)is) ds+4 \n{\a)-sWy{s) ds-2 In |z| - y(z)-4 

= 4 r ln(|fl^-s|)i/;'^,(s)ds+47i r ('Hi/^^^)(s)ds-47i f ^^ds 
-47i£ 2^ds-21n|fl^|-y(flp-4 



=471 r 

ln(|fl^- s|)!/.^^,(s) ds - 2 In Ifl^l - y(flp - 4 



= 



g^^(z)+gl(z)-y(z)-4+2Q. = 47i rf(<K./.^^)(s)-^-^|ds, ze(a5,?7p, ; = 1,...,N. 
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It was shown in the proof of Lemma 3.5 that ('Ki/^';)(s) = + 5^ - ^{Re{s)Y'^}f^{s), s e {a'.,¥^, 
j = l,. . .,N, whence 

J a' 

J 

since ^^(z) is real analytic on R \ (0} and {Re{s)y'^h'y{s) > V s e U^j(fl^,bp, it follows that one has 
equality only at points ze U^j(fly, ¥j) for which hy{z) = 0, which are finitely denumerable. (Note that, 

for z e U^^j (a^., V^), {R,{s))T = {Us)t^ = {Us))"^) 
(3) For z e (a^+j, +°°), one shows that 



|ln|z|, z>0, 
|ln|z| + i7T, z<0. 



g^^(z)=2 r \n{\z-sWv{s)ds-Q, 

whence 

/.(z)-gl(z) = 

which shows that g+(z)-g!L(z) is pure imaginary, and i(g+(z)-^l(z))' = 0. Also, one shows that 
g% (z) + /_(z) - \/(z) - 4 + 2Q, = 4 ln(|z - s|)!/.^^,(s) ds - 2 In |z| - y(z) - 



|0, z>0, 
-2ra, z<0. 



and, following the analysis of case (2) above, one shows that, for ze (fl^^^, +00), 

47T 2ns 



4 r ln(|z-s|)V'^^(s)ds-21n|z|-V(z)-4 = 47i f ('H!/^^^)(s)- 



ds. 



thus, via the relation (cf. case (2) above) {'Hxjj'y){s) = ^ + jfe - ii{Re{s)y'%{s), s e (a^^^, +(x,), one 
arrives at 

/^(z)+gl(z)-y(z)-4+2Q. = -2 r (R,(s))i/X(s)ds<0, zG(fl^^i,+(x,). 

If: (1) z ^ +00 (e.g., |z| » maxy=i_...^A/+i(|fc^_j,fl^|}), s e J^, and |s/z| « 1, from e A1i(]R), in particular, 
fj dn'yis) = 1 and j| s'" d/,i^(s) <oo,me N, the formula for /+(z)+g;L(z)- y(z)-4 + 2Q, above, and the 
expansions jzj = - LLo ?^ + 2'4s-z) ^ and ln(z-s)=|z|^ooln(z)-2^,7^i i(f)^ one shows that 



i(s-z)' 

g';(z)+gl(z)-y(z)-4+2Q, = ln(z2 + l)-y(z)+0(l). 



which, upon recalling that (cf. condition (2.4)) lim|.v|^c!o(^(^)/ ln(x^+l)) = +00, shows that g%{z)+g^_{z)- 
V(z)-4+2Q, < 0; and (2) |z| ^ (e.g., |z| «miny=i n+i{W._^, a'.]]), s e /„ and |z/s| « 1, from ^/'^ e Mi(IR), 

in particular, s~"'d|U'^(s) < 00, m e N, the above formula for g^^{z) + g^_{z)-V{z)-{!e + 2Qe, and the 

expansions 5^ = - LLo iin" + '^^o' ^'^'^ In(s-z) =|zHoln(s)-E"=i |(f )^ one shows that 

Sf^{z)+sf4z)-V{z)-i,+2Q, = ln(z-2 + l)-V(z)+0(l), 

I2H0 

whereupon, recalling that (cf. condition (2.5)) lim|v|^o(^(^)/ lri(^~^ + l)) = +°°/ if follows that g%{z) + 
gl(z)-y(z)-4+2Q,<0. 

(4) For ze (-00, V^), one shows that 



f.(z)=2 r 



ln(|z-s|)V^^^(s)ds±27ii-Q,- 



|ln|z|, z>0, 
lln|z|±i7T, z<0. 
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whence 



/^(z)-/_(z) = 47ii+ 



0' 



z>0. 



-Ini, z < 0, 

which shows that g+(z)-^5L(z) is pure unaginary, and i(g^+(z)-^^L(z))' = 0. Also, 

/^(z)+gl(z)-y(z)-^,+2Q, = 4j|^ln(|z-s|)i/;^^(s)ds-21n|z|-y(z)-4: 

proceeding as in the asymptotic analysis for case (3) above, one arrives at 

g;(z)+gl(z)-y(z)-^,+2Q, = ln(z' + l)-^^(z)+0(l), 

2 — ^ — CO 



and 



g'^{z)+g'_{z)-V{z)-e,+2Q, = ln(z-2 + l)-y(z)+0(l), 

IzHO 



whence, via conditions (2.4) and (2.5), gf;(z)+gl(z)- V(z)-4+2Qg<0, ze(-co, J?^). □ 

4 The Model RHP and Parametrices 

In this section, the (normalised at infinity) auxiliary RHP for M: C \ IR ^ SL2(C) formulated in 
Lemma 3.4 is augmented, by means of a sequence of contour deformations and transformations a 
la Deift-Venakides-Zhou [1-3], into simpler, 'model' RHPs which, as n — > oo, are solved explicitly 
(in closed form) in terms of Riemann theta fimctions (associated with the underlying genus-N hy- 
perelliptic Riemann surface) and Airy functions, and which give rise to the leading {0(1)) terms 
of asymptotics for 7i2ii(z), ^Jf"' and cp2n{z) stated, respectively, in Theorems 2.3.1 and 2.3.2, and the 
asymptotic (as n ^ oo) analysis of the parametrices, which are 'approximate' solutions of the RHP 

e 

for M : C \ ]R ^ SL2(C) in neighbourhoods of the end-points of the support of the 'even' equilibrium 
measure, and which give rise to the 0{n~^) (and 0{n~-^)) corrections for 7r2„(z), ^'f"^ and (pzni^) stated, 
respectively, in Theorems 2.3.1 and 2.3.2, is imdertaken. 

Lemma 4.1. Let the external field V: R \ {0} ^ IR satisfy conditions {2. 3)-{2. 5); furthermore, let V be regular. 
Let the 'even' equilibrium measure, iiy, and its support, supp(/,i^) =: }e = U^J^/^ := L)'p^{¥._^,a''j), be as 
described in Lemma 3.5, and, along with 4 (g IR)/ the 'even variational constant, satisfy the variational 
conditions stated in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 

c 

Then the RHP /or M: C \ K^SL2{C) formulated in Lemma 3.4 can be equivalently reformulated as follows: 

e e c 

(1) M(z) is holomorphic for zeC \ ]R; (2) M±(z) :=lim z'^z M(z') satisfy the boundary condition 

±lm(z')>0 



where 



M+(z) = M-(z)i;(z), zeR, 



v{z)-- 



/'g-4nni_f"^'+i i/''^(s)ds 

g4«ra/J'N+i i/'';,(s)ds 

-4„n> X;^- ds (,)^^. 







4nmJ^N+i^,';,(s)ds 

e ' 



with g''{z) and Qe defined in Lemma 3.4, 



il>'y{s)ds\>0, zeC±n(U~-;^up, 



ze(b^_,,flp, y = l,...,N+l, 

, ze{al,bl), k = l,...,N, 
ze(-oo,b^g)U(fl^^j,+(x,), 
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where U'. := {z e C*; Re(z) e i¥._^,a'.), inf,ej. |z - (j| < rj e (0,1)}, ; = 1, . . ., JV+ 1, with U;: n Uj: = 0, 
z ^ / = 1,. . .,N + 1, fl«tf g^z) + g:L(z)- V(z)-4 + 2Q. < 0, z e (-(x,,^'^) u U (U^^j(flpp); (3) 

M(z) =z^«, l+0(z-i); flni (4) M(z) =,^o 0(1). 

zeC\IR ;£C\E 

Proof. Item (1) stated in the Lemma is simply a re-statement of item (1) of Lemma 3.4. Write 
R = (-CX,, &^g) u (fl^^^, +CX,) u (U^^-;i/p U {^l,{al,bl)) U (u;!^i(^'?_i, fl[}), where := {by^,a'.), ] = !,.. . ,N+1. 

Recall from the proof of Lemma 3.6 that, for V, /.i^, and 4 described therein (and in the Lemma): (1) 



gt(z)-gl(z) = 



4m/;"- ./;t,(s)ds + 



0, zeR+n/p ; = 1,...,N+1, 
-2ra, ze]R_n7J, ; = 1,...,N+1, 
0, ze]R+n(flpZ7p, ; = 1,...,N, 
2m, zeR_n(flpp, ; = 1,...,N, 
0, ze]R+ n(fl^^j,+oo), 
-2ra, ze]R_ n(«^^j,+oo), 
'o, zeR+ n (-co,?7^), 
-2ra, zeR_ n (-co,?7^). 



47Ti + 



where (:= U <9/p = [b^.^, fl^, ; = 1, . . . , N+ 1; and (2) 



/,(z)+/_(z)-y(z)-4+2Q.: 



0, 



-2 X;(R,(s))i/2/z^^,(s)ds<0, 
-2/: (R,(s))i/2/2';,(s)ds<0, 

N+1 

[2 //(R,(s))i/2/!^^,(s)ds<0, 



ze(flpp, ; = 1,...,N, 

ze(fl^^i,+oo), 

ze(-oo,b^). 



Recall, also, the formula for the 'jump matrix' given in Lemma 3.4, namely. 







g»tei(z)+jl(z)-y(z)-4+2Q, 



c 

Partitioning R as given above, one obtains the formula for v{z) stated in the Lemma, thus item (2); 
moreover, items (3) and (4) are re-statements of the respective items of Lemma 3.4. It remains, 

therefore, to show that Re(i/ '^^) satisfies the inequalities stated in the Lemma. Recall from 

the proof of Lemma 3.4 that g^{z) is uniformly Lipschitz continuous in C±; moreover, via the Cauchy- 
Riemann conditions, item (4) of Lemma 3.6, that is, i(g+(z) - g^(z))' ^ 0, z e }e, implies that the 
quantity g+(z)-g!L(z) has an analytic continuation, S''(z), say, to an open neighbourhood, Uy, say, of 
}e = Up;i(fc ■_!/«■)/ where U"^, := UpJ^Up with U^: = {ze C; Re(z) e {b'-'._^,a'-'^, inf^ej.- \z-q\ < rj e (0, 1)}, 
;■ = 1, . . . , N+1, and nU^ = 0, f ; = 1, . . . , N+1, with the property that +Re(g''(z))'> for z e C± n U'^,. 
□ 

Remark 4.1. Recalling that the external field V : R \ {0} -> R is regular, that is, //^(z) ^ V z e ^ := 

^/IVt^y-i'^y]' second inequality of Equations (3.9) is strict, namely, 4 ln(|x-s|)i/'^(s) ds-21n|x|- 

V{x)-ie + 2Qe <0,xe'R\Te, and (from the proof of Lemma 4.1) that g%iz) + g'_{z)-V{z)~{,, + 2Qe < 0, 
ze (-00, b^) u (fl^^j, +oo) u (Ujlj(flp bp), it follows that 

^(z) = e (1+0(1)0+), ze(flpbp, ; = 1,...,N, 

[l+o(l)cj+, ze (-00, b'g) u (fl^^j, +oo), 

where o(l) denotes terms that are exponentially small. ■ 

Lemma 4.2. Let the external field V: R \ {0} ^ R satisfy conditions {23)-{2.5); furthermore, let V be regidar. 



Let the 'even' equilibrium measure, jUy, and its support, supp(/,(y) =: }e = uji^ := UjJ^{by^,a''.)^ 



as 
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described in Lemma 3.5, and, along with 4 (e R), the 'even' variational constant, satisfy the variational 
conditions stated in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 

Let M: C \ ]R^SL2(C) solve the 'RHP formulated in Lemma 4.1, and let the deformed (and oriented) contour 
Zl :=]R U (UpjH/y'" U Yp) be as in Figure 8 helow; furthermore, U^+H^^-'" U Q^'" U /^'~ U fp c U^^^U^ 
(Figure 8), where U*^, ;' = !,..., N+ 1, are defined in Lemma 4.1. Sef 



M\z):= 



M(z), zee \ (Ef u {\jf^{a'f u q;:-))), 

M(z)(l+e*"™ '^'v^^^' zeC- n (U^^+iQ^'"). 



Then M" : C \ ->SL2(C) so/ues the following, equivalent RHP: (1) M"(z) zs holomorphic for zeC \ L*; (2) 

e a e a 

M±(z) :=lim M (z') satisfy the boundary condition 



2'— >Z 
' e±sideofES 



M;(z) = M:(z)i;f(z), zeE», 



where 



u'(z) = . 



1^2/ 



-4n7ii C'^+i ib'(s)ds , , 



e 

I+e"(s';(2)+/-(2)-^(z)-f,+2Q.)(j_^^ 



g,.fe';(z)+sl(2)-V(2)-4+2Q,) 
4n7iijj^°^'+i i/'';,(s)ds 



ze/j:, 7 = 1,...,N+1, 
ze/p ; = 1,...,N+1, 
ze/p ; = 1,...,N+1, 

ze(fl^,&p, fc = l,...,N, 

ze(-oo,&;;)U(fl^^^,+oo), 



wft^ Re(i I"''"' i/^-^^ls) ds) > (resp., Re(i i/;"^,(s) ds) < 0), z e C+ n (resp., zeC-nCf. ■-),] = !,... , N+1 ; 
(3) ' 



l+0{z-y. 



zeC\(Efu(ufl+l(aj:-UD^'-))) 



and (4) 



M''(z) 



ieC\(Ef U(ufi+1 (Dj:'- UD^-- ))) 



0(1). 




Figure 8: Oriented/deformed contour E? :=]R U (ujl+i(/^'~ U f^")) 
Proof Items (1), (3), and (4) in the formulation of the RHP for m" : C \ eJ -> SL2(C) follow from 

e a e 

the definition of M (z) (in terms of M(z)) given in the Lemma and the respective items (1), (3), and (4) 

c 

for the RHP for M : C \ IR— > SL2(C) stated in Lemma 4.1; it remains, therefore, to verify item (2), that 
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is, the formula for v^{z). Recall from item (2) of Lemma 4.1 that, for z e fly) (c ]e), ] = !,... ,N+1, 



M+(z) = M-(z)i;(z), where v(z) = 



4„mp+lv.'j,(s)d 



: noting the matrix factorisation 



g-4)miJ["N+i i/i'^(s)ds 

Q g4Hm/;N+i,/;'^,(s)ds 



1 0' 
^ 1 0^ 



1 
-1 



it follows that, for z e (b^ ^, ap, y = 1, . . . , N+ 1, 



M+(z) 



1 0^1 



1 0^1 



1CT2- 



It was shown in Lemma 4.1 that +Re(i ip'yis) ds) > for z e C± n where := {z e C*; Re(z) e 
inf,ej. |z-(^| < ry e (0,1)}, / = 1,...,N+1, with n = 0, / 9^ / = 1,...,N+1, and 

Fj •= (^y-i' "p' i - 1, ■ • • , N + 1. (One notes that the terms +4«7ii '/'y(s) ds, which are pure imag- 
inary for z e ]R, and corresponding to which exp(+4n7Ti J 4'v(^) '^^) undulatory, are con- 
tinued analytically to C± n (U^i^^Up, respectively, corresponding to which exp(±4nni '/'^(s) 
ds) are exponentially decreasing as « ^ oo). As per the DZ non-linear steepest-descent method [1,2] 
(see, also, the extension [3]), one now 'deforms' the original (and oriented) contour ]R to the deformed, 

or extended, (and oriented) contour/skeleton :=R U {^^J^ifj'" U /y'~)) (Figure 8) in such a way that 
the upper (resp., lower) 'lips' of the 'lenses' f.'" (resp., f.'), ] = !,... ,N+1, which are the boimdaries 
of Qy'~ (resp., Oy'~), j - 1,. . .,N-i-l, respectively, lie within the domain of analytic continuation of 
^+(z)-g':(z) (cf. the proof of Lemma 4.1), that is, U^+i(0^:'" U Qj' U f/" U fp C UpJ^Up in particular, 
each (oriented) interval - Qfi_yCfj), ; = 1, . . . , N-t- 1, in the original (and oriented) contour ]R is 'split' 

(or branched) into three, and the new (and oriented) contour zj is the old contour (R) together with 
the (oriented) boundary of N + 1 lens-shaped regions, one region surrounding each (bounded and 

e jj e 

oriented) interval y.. Now, recalling the definition of M (z) (in terms of M(z)) stated in the Lemma, 

e c Li 

and the expression for (the jump matrix) v{z) given in Lemma 4.1, one arrives at the formula for v^{z) 
given in item (2) of the Lemma. □ 

Remark 4.2. The jump condition stated in item (2) of Lemma 4.2, that is, M+ (z) = M?. iz)v^ (z), z e zj, with 
u«(z) given therein, should, of course, be understood as follows: the SL2(C)-valued functions M** [^^ , yt 
have a continuous extension to with boundary values Mj.(z) := lim ^,^^^j4 M (z') satisfying the 



above jump relation (M (z) is continuous in each component of C \ Z' up to the boundary with 
boimdary values Mj.(z) satisfying the above jump relation on Z"). ■ 



Recalling from Lemma 4.1 that, for ze (-oo, bjj)u(fl^^j, +oo)u(U^j(flp ¥.)), g';(z)fg^_(z)-y(z)-^,+2Q, < 

0, and, from Lemma 4.2, Re(i £"">"^,(s) ds) > for z e f/' (resp., Re{i j^'"^' ip'yis) 
ds) < for z e f'"), j - 1, ...,N+1, one arrives at the following large-n asymptotic behaviour for 



Asymptotics of Even Degree Orthogonal Laurent Polynomials 



73 



the jump matrix v^z): 



Iff2, 

I+(9(e-"'^l"l)cT-, 

e ' 

-(4,mij;°N+i^.';,(s)ds)a3 

e ' 

I+0(e-"'^l"l)CT+. 
I+<9(e-"'^l^l"V+, 



(l+0(e 
(l+0(e 



-nc|z-(7'^| 



-nc|z|- 



y=i,...,N+i, 

zeffuf.--, 7 = 1,...,N+1, 
ze(fl^,f7p\U6.(0), ; = 1 JV, 



ze(flppnU,y^(0), 



7 = 1,. 



ze((-(x,,b^)U(fl^^j,+cx,))\U,,,(0), 
ze ((-ex,, K) u (fl^;,,„ n U,y-(0), 



where c (some generic number) >0, Uflf (0) :-{zeC; \z\<6'g}, with 6^ some arbitrarily fixed, sufficiently 
small positive real number, and where the respective convergences are normal, that is, uniform in 
(respective) compact subsets (see Section 5 below). 

Recall from Lemma 2.56 of [1] that, for an oriented skeleton in C on which the jump matrix of an 
RHP is defined, one may always choose to add or delete a portion of the skeleton on which the jump 
matrix equals I without altering the RHP in the operator sense; hence, neglecting those jumps on 
tending exponentially quickly (as « ^ oo) to I, and removing the corresponding oriented skeletons 

from Ep, it becomes more or less transparent how to construct a parametrix, that is, an approximate 
solution, of the (normalised at infinity) RHP for M : C \ ~* SL2(C) stated in Lemma 4.2, namely, 

e tt 

the large-« solution of the RHP for M (z) formulated in Lemma 4.2 should be 'close to' the solution 

e 

of the following (normalised at infinity) limiting, or model, RHP (for m°°(z)). 

Lemma 4.3. Let the external field V: ]R \ {0} ^ R satisfy conditions {2. 3)-{2. 5); furthermore, let V be regidar. 
Let the 'even' equilibrium measure, jiy, and its support, supp(/jy) =: }e = ^'p'^}" '■= U^"^^(^'y_j,flp, be as 
described in Lemma 3.5, and, along with 4 (e R)/ ihe 'even variational constant, satisfy the variational 
conditions stated in Lemma 3.6, Equations (3.9); moreover, let conditions (l)-(4) stated in Lemma 3.6 be valid. 

Then n> : C \ -» SL2(C), where ]f := /, U (U^j(fl^, ¥^)), solves the following (model) RHP: (1) m°°(z) ;s 
holomorphic for zeC \ /^; (2) m^(z):=lim z'^z m°°{z') satisfy the boundary condition 

z' e ± side of 



<(z) = m^(z)i;°°(z), ze/r. 



where 



y-(z) = 



(10'2, 



l/.'j,(s)ds)lJ3 



ze(?^^_j,flp, ; = 1,...,N+1, 
ze(flpp, ; = ,N; 



(3) m°°(z) =z^^ l+0(z-i); and (4) m°°(z) = 0(1). 



The model RHP for C \ /,°° SL2(C) formulated in Lemma 4.3 is (explicitly) solvable in 
terms of Riemann theta functions (see, for example. Section 3 of [57]; see, also. Section 4.2 of [58]): the 
solution is succinctly presented below. 

Lemma 4.4. Let / : C \ ((-co, U («^^j, +co) u (U^j(fl^:, V^)) -^Cbe defined by 



{( 



Y{z):= 



z-b' 



z-a' 
( 



N 

n 



N+l/ k=l 

z-¥ 



z-V. 



z-a. 



1/4 



z-ai 



n 



N+l/ k=l 



1/4 



zeC- 



Then, on the lower edge of each finite-length gap, that is, (fly, fop , j = 1, . . . ,N, y''{z) + {y'^{z)) ^ has ex- 
actly one root/zero, denoted |zy'~e(fly, fop~cC-, ] = !,... ,N; {y'^(z) + {y%z))~^)\^^£,- =0^, and, on the upper 
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edge of each finite-length gap, that is, {a'^.,¥.y, j = 1,. . .,N, ^''(z) - (y''(z)) ^ has exactly one root/zero, de- 
noted {z;:'^e(fl^,fcp+cC+, j^l,...,N; (/(z)-(/(z))-i)U.:.. =o} (in the plane, zf = zf := z^ e {a'.,¥^, 

;e 1, . . . , N). Furthermore, y'^{z) solves the following (scalar) RHP: 

(1) }/(z) is holomorphic for zeC \ ((-oo, b^) U (a^^^, +oo) u (U^^^ia', ¥))); 

(2) K(z) = /_(z)i, zG(-(x,,b^) U (fl^^j,+cx,) u (Ujlj(flpp); 

(3) f(z) =,^^ +C)(z-i)); and 

zgC+ 

(4) f(z)=,^oO{l). 

2€C+ 

Proof. Define y'^(z) as in the Lemma. Then, one notes that y''(z) + (y''(z))~^ = « (y''{z))^ + l = 
^ = « Q^(z) (e ]R[z]) := (z-b^) nti{z-bl)-{z^al^J nf=i(z-«p = 0, whence, via a 

straightforward calculation, one shows that Q''(flp = (-1)'^~^"^^QJ^,, ] = !,... ,N, where QJ^, :=(b^-flp(fl^- 

i'^) nC'i(«r^P nH+i(;^;'-flp (> O), and Q^Wj) = -(--^f-'^X, i = l,...,N, where %. := {V-a^^){a^^^^- 

V^) X{^~X{V-al) Xitj+M-^]) (> 0); thus, Q''(flpQ'(/?p < 0, ; = 1, . . which shows that: (i) Q.'(z) has 
a root/zero, z^, in each (open) interval {a'^., ¥.), j = 1, . . . ,N; and (ii) since Q^(z) is a unital polynomial 
with deg(Q''(z)) =N, (Zy}^;^ are the only (simple) zeros/roots of Q''(z). A straightforward analysis of 
the branch cuts shows that, for z e U^^(fl^, V^"^, ±(y''(z))^ > 0, whence {z^''=^}^^ = {z=^ e (a^, &p=^ c C±, = 
1,...,N; (/(z)+(y'(z))"^)l2=z± = 0}. Setting f := (-oo, ?7^) u (a^^^, +co) u (U^^(fl^, i^p), one shows that, upon 

performing a straightforward analysis of the branch cuts, y''(z) solves the RHP (y^{z), i, }") formulated 
in the Lemma. □ 

Remark 4.3. Recall from the proof of Lemma 4.4 that Q''(z) := (z-b^) nf=i(z-fcp-(z-fl^^j) [1^=1 (z 
-aP (e ]R[z]), with deg(Q''(z)) = N; furthermore, Q'{z'.) = 0, where z'. e (a^ ^^p, j = 1,...,N. Writing 

Q^(z) = L^lo q -z^ where, in particular, = (-l)^(nf=V « ^li) ^nd = L%\\a^-b)_,) (^ 0), one 
uses a particular case of Gerschgorin's Circle Theorem to arrive at the following (upper) boimd for the 
roots/zeros z'., ] = !,..., N: |z^| < |q^|-i Zlo j = h...,N. m 

All of the notation/nomenclature used in Lemma 4.5 below has been defined at the end of Sub- 
section 2.1; the reader, therefore, is advised to peruse the relevant notations(s), etc., before proceeding 
to Lemma 4.5. Let J/p denote the Riemann surface of = Re(z) = n£i^(z-&^_j)(z-flp, where the single- 
valued branch of the square root is chosen so that z~''^"^^'(Rf,(z))^^^ ~z^co ±1. Let T'-iy, z) denote a point 

on the Riemann surface J/^ (:= {(y, z); y^ = R^ (z)}). The notation oo=^ means: T oo=^ « z ^ oo, y ~ iz'^"^^. 



Lemma 4.5. Let m°° : C \ — >SL2(C) solve the ^^H? formulated in Lemma 4.3. Then, 

m-^{z)-- 



m (z), zeC+, 
-i9jr(z)ff2, zeC-, 



where 



and 



93r(z): 



e-«(cx,)+d,) p 



0'«(«))-^n''+d..) 



g e'-«(oo)+d,) 



ff(-ul(^)-^a:--d,)) 



(z). 



© (z) = 



( (y'(z)+(Y(2))-') ff(u'(z)-^a'+d,) (y'(z)-(f(z))-^)ff(-u'(z)-^a'+d,) \ 
2 e'"(u''(2)+ii,) 2i e'(-u'(z)+d,) 

(/(z)-0/(2))-') e'-(»"(z)-j;;Q"-4) (/(z)+()/(2))-') e'(-»'-(2)-jj;Q'-d,) 



N+l 

/ 



2i e'"(u''(2)-d,) 2 e'(u':(z)+d,) 

with y'^(z) characterised completely in Lemma 4.4, Q*" := (Qj, Q^, . . . , C2^)^ (e M^), zii/zere Q'^ = 4?: C' 

.+ 

!/^y(s) ds, j = 1, . . . ,N, and ^ denotes transposition, de = - L^i L' (= L^i L' <yO/ (z'^'^^l'^j are char- 
acterised completely in Lemma 4.4, co'^ is the associated normalised basis of holomorphic one-forms of J/p, 
m''(z) := n <y'' (g Jac(J/(.)), flwd M+(oo) := f co'^ (oo+ z's f/ze pomi at infinity in ^+); furthermore, the solution 
is unique. 
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Proof. Let m'" : C \ /™ SL2(C) solve the RHP formulated in Lemma 4.3, and define m°°{z), in 
terms of 9Ji (z), as in the Lemma. A straightforward calculation shows that 5R : C \ IR ^ SL2(C) 

CO ~ 

solves the following (normalised at infinity) 'twisted' RHP: (i) S>f (z) is holomorphic for zeC\ 
where f := (-co, b^) U (a^^j, +00) u iu1-^{a', V)); (ii) 9JC(z) ■= lim ^.^^ 50r(z') satisfy the boundary 

condition 9JC(z) = 9Jr(z)V"(z), zef, where 



V^^(z)- -iaz. 



ze/f, 

ze(-oo, u (fl^^j, +00), 



-ia2e"'""^''^ ze(fl^,&p, 7 = 1,...,]V, 



(4.1) 



with Q-! = 4tt i/;^,(s) ds, ; = 1, . . . ,N; (iii) 50?" (z) =z^o<,I+<9(z-i) and W"(z) =^^e<,icT2+0(z-i); and (iv) 
2)! (z) =z^o 0{1). The solution of this latter (twisted) RHP for 9Jf (z) is constructed out of the solution 



zeC\/"' 



of two, simpler RHPs: (?^''(z), -icr2/ /') and {m°° {z) ,VC° {z) , Y) , where 11°° (z) equals exp(i«Q^'cJ3)CTi for 
z e {a'., v.), i = l,...,N, and equals 1 for z e (-co, Vq) U (a^^^, +co). The RHP {W{z), -iaij) is solved 



explicitly by diagonalising the jump matrix, and thus reduced to two scalar RHPs [2] (see, also, 
[57, 59, 90]): the solution is 

7a^M = ( + iVi^))-') - (/(z))-^)\ 

^ ' ^|(/(z) - (/(z))-i) l(/(z) + (/(z))-i) j' 

where y*": C \ /'' ^ C is characterised completely in Lemma 4.4; furthermore, [N'''(z) is piecewise 
holomorphic for zeC \ f , and W{z)=:,^o.l+0{z-^) and W{z)=^^^ia2+0{z-^y^ . 

Consider, now, the functions d\u'^{z)±de), where m''(z) : z — > Jac(J/p), z h-> m''(z) := J„ a;'', with co'^ 

the associated normalised basis of holomorphic one-forms of J/^, de = - U of = 21 ,=1 \J (o", 

i i 

where = denotes equivalence modulo the period lattice, and {z^' ^^j^j are characterised completely 
in Lemma 4.4. From the general theory of theta functions on Riemann surfaces (see, for example, 
[87,88]), e'{u'{z)+de), for ze J/, := {(y,z); = Uk=i{z-bl_^){z-a'',)], is either identically zero on J/, or 
has precisely N (simple) zeros (the generic case). In this case, since the divisors Yl^i z^'" and Yl%\ z^'^ 
are non-special, one uses Lemma 3.27 of [57] (see, also. Lemma 4.2 of [58]) and the representation 
[88] Ke = Y,%i <^'' for the 'even' vector of Riemann constants, with IK^ = and sK^ 0, < s < 2, to 
arrive at 



e\u'(z)+d,)=e' 



u\z)-Y^ \ ' 0)' =ff I (o'-K,-Y^ I ' 0)' 

i=l ^"'i j [^"'n+i i=l "^"n+i 



= 



ff{u'{z)-d,) = & 



oze 



u'-'{z)-Y^ \ ' (o' =ff I (o'-K,-Y^ I ' (o' 



=0 



^^Note that, strictly speaking, 3sF(z), as given above, does not solve the RHP (3sr(z), -102,]') va the sense defined heretofore, 
as \c+ can not be extended continuously to C±; however, >f(-±i£) converge in -C^^jcjio^W as £ J, to SL2(C)-valued 
functions Jf'(z) in that satisfy !N^(z) = 3sF (2)(-ia2) a.e. on /'": one then shows that 3^(2) is the unique solution of the 

RHP Q^'{z), -102, V), where the latter boundary/jump condition is interpreted in the j sense. 
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Following Lemma 3.21 of [57], set 



/ 0'(«"(2)-^n'+d,) 0"(-«"(z)-^Q"+d,) 



m-(z): 



e'(u'(z)+d,) e'{-u'{z)+d,) 

e"(u'-(2)- ^ a'-d,) e"(-«"(z)- ^ a'-d,) 



V e'(«'-(2)-d„) 



0''(«'-(z)+ii,) 



where Q'':=(Qj,Q2, . . .,Q^)^ (eR'^), with Q^, ] = !,.. .,N, given above, and ^ denoting transposition. 
Using Lemma 3.18 of [57] (or, equivalently. Equations (4.65) and (4.66) of [58]), that is, for z e (a^, V^, 

i = l,...,N, <(z) + «-(z) = -t] (:= -T^ey), / = 1,...,N, with t"- := (tO,>i n := (^^. a»;')<>i n (the 

associated matrix of Riemann periods), and, for z e (-oo, fc'^) u (fl^^j,+oo), u+(z) + MIL (z) = 0, where 
M^(z) := J^,, oj"^, with z^"" e (fl^', t'p^'', ] = !,... ,N, and the evenness and (quasi-) periodicity properties of 
d'^{z), one shows that, for ze (a^, bp, j=l,...,N, 

ff{u%{z)-^a'+d,) 0^(-«^z)-^Q^+d.) 



0"(u';(z)+d,) 



—iniY. 

-e I- 



e\u%{z)-^(y-d,) 0^(-«^z)-^Q' -d,) 



d\uiiz)-d,) 



-e I- 



e'(u'_(z)+de) 



r(-<(z)-ii^Q^+d,) 0^(Ml(z)-^Q^+d,) 



0^(-M';(z)+d,) 



■=e 



0^(Maz) + d.) ' 



0^(-<(z)-^Q^-d,) a^(«^z)-^Q^-d,) 



e^(Mt(z)+d,) 



= e '■ 



ffmz)-d,) ' 



and, for z e (-oo, b^) u (fl^+j/ +o°)/ one obtains the same relations as above but with the changes 
exp(+inQp — > 1. Set, as in Proposition 3.31 of [57], 



{W{z)Mm-[z))n (:N''(z))i2(m-'(z))i2 
{{W{z))2i{m'- (z))2i (:N-^(z))22(m"' (z))22. 



where (*),y, ;' = 1, 2, denotes the (;' /)-element of (*). Recalling that W: C \ /'' ^ SL2(C) solves the RHP 
(>J'''(z), -icr2//'^)/ using the above theta-functional relations and the large-z asymptotic expansion of 

CO 

u^{z) (see Section 5, the proof of Proposition 5.3), one shows that Q (z) solves the following RHP: 
(i) Q (z) is holomorphic for z e C \ (ii) <3j. (z) := lim ^'^z Q (z') satisfy the boundary condition 

r' e ± side of 

Q+{z)=Q_{z)V (z), z e /'', where V (z) is defined in Equation (4.1); (iii) 



e"(«';(cx,)+d,.) 



Z—^ca 









e'{u'_{c»)-i;a'-d,) 





e"(-»';(cx,)-jiQ"-d,) 
0'"(u';(K))+d,) 



+0(z-i). 



0'"(-U'_(cx,)+d,) 





+0(z-i). 



where M^(oo) := f o)^' (00=^, respectively, are the points at infinity in C±); and (iv) Q (z) =z^o 0(1)- 

"^N+l zeC\J- 

- + e 

XCO f*00 CO 

, ty*" = - j^, oj'' = -m'^(oo), upon multiplying Q (z) on the left by 

^. / 0"«((x,) + d,) r«(cx,) + d,) 

diagl 



0^(«u-)-iQ^+d,)'0^(-«^,(-)-^Q''-d.); ' 



that is, Q (z) ^ c°°<a (z) =: Air(z), one easily shows that Al^: C \ f -> SL2(C) solves the RHP 

[9jr(z), zeC+, 
l-i»r(z)a2, zeC-, 



gjf Cz") z e (T 

(M,"'(z), V'^(z),f ). Using, finally, the formula m'"(z) = <| ; j' ^' one shows that : C \ 
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}^ — > SL2(C) solves the model RHP formulated in Lemma 4.3. One notes from the formula for 

CO 

2)! (z) stated in the Lemma that it is well defined for C \ M; in particular, it is single valued and 
analytic (see below) for z eC \ }" (independently of the path in C \ chosen to evaluate u^{z) = 
f~ co'^). Furthermore (cf. Lemma 4.4 and the analysis above), since {z' e C; 6'^{u\z')±dg) = 0} = 

= {z' eC; (/(z)±(/(z))-i)|z=z' =0}, one notes that the (simple) poles of (m"(z))ii and (m'"(z))22 

(resp., (m'"(z))i2 and (in°°(z))2i), that is, {z' e C; d'{u''{z') + d,) = 0} (resp., {z' e C; ff{u'{z')-d,) = 0}), 

are exactly cancelled by the (simple) zeros of /(z) + (}/(z))-i (resp., y''(z) - (y''(z))-i); thus, 9Jf (z) 
has only i-root singularities at the end-points of the support of the 'even' equilibrium measure, 

(This shows that 9K (z) obtains its boundary values, Mj. (z) := limf^o®^ (z + ie), in the 
■^M2(C)^''^^ sense.) From the definition of nf°{z) in terms of i)f(z) given in the Lemma, the explicit 

^ CO € 

formula for 9Jf (z), and recalling that nf°(z) solves the model RHP formulated in Lemma 4.3, one 
learns that, as det([;'"(z)) = 1, det(m+ (z)) = det(m!°(z)), that is, det(m°°(z)) has no 'jumps', whence 
det(m°°(z)) has, at worst, (isolated) i-root singularities at a'^.]^^-^ , which are removable, which 

c 

implies that det(!«°°(z)) is entire and boimded; hence, via a generalisation of Liouville's Theorem, 
and the asymptotic relation det(m'" (z)) =z^oo 1 +0{z~^), one arrives at det(m°° {z)) = \^m°° (z) e SL2 (C) . 

Z6C\R 

Also, from the definition of nf°{z) in terms of 9Jt (z) and the explicit formula for Hi (z), it follows 

that both ni°°{z) and (m°°(z))~^ are uniformly bounded as functions of n (as n — > 00) for z in compact 
subsets away from {b''._^, a'']^J'^^ . 

Let 8^: C \ ]R ^ SL2(C) be another solution of the RHP (a)i"(z), V"(z),R) formulated at the 

CO 

beginning of the proof, and set, as in the Remark on Proposition 3.43 of [57], A''(z) := 9Ji (z)-S™(z), whence 
A*^ =,^cx, 0{z~^); thus, by Cauchy's Theorem, \ A''(s)(A''(s))''' ds - 0, where denotes the Hermitean 

adjoint, and is the (closed and simple) counter-clockwise-oriented contour := C^'"^ U C^'", 
where Cf^ := {x + ie; -e"! < x < e"!} and := {e-^e'^; d e [6(e), tt- 6(e)], 6(e) := tan-i(e^)}, with e 
some arbitrarily fixed, sufficiently small positive real number, and the principal branch of tan~^(-) 
is taken. Writing = J^, A'{s){A'{^)y ds = (J^,,r-fJ^,,-)A''(s)(A''(s))Ms, letting e j 0, in which case, since 

A''(z)(A'^(z))''' =z^oo 0{z~^), an application of Jordan's Lemma gives L,- A'^(s)(A''(s))''' ds =eio 0, one gets 

that 

A^^.(s)(Al(s))Ms= I A^_(s)(-ia2)(A':(s))+ds+ I A^_(s)(-ia2)(Al(s))+ ds 
I ' Al(s)(-ia2e""'"i''')(Al(s))Ms+ I A''(s)(A''(s))Ms : 

,=1 -'«'; 



N 

+ 

/=1 



adding the above to its Hermitean adjoint, that is. 



0= r ° Al(s)(io-2)(A^s))Ms+ r Al(s)(icT2)(A^s))Ms 

+ ' Al(s)(ie"'"^a2)(Al(s))Ms+ A''(s)(A''(s))+ ds, 

y=l ^"'j 

one arrives at 2 j| A''(s)(A''(s))'^ ds = 0; thus, A''(z) = 0, z e /„ which implies that isf{z) = §^{z) for all z. 
□ 

In order to prove that there is a solution of the (full) RHP (m''(z), i;'*(z), eJ), formulated in 
Lemma 4.2, close to the parametrix, one needs to know that the parametrix is uniformly bounded: more 

precisely, by (certain) general theorems (see, for example, [98]), one needs to know that u'*{z) — > v°°{z) 
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as n —> oo uniformly for z e in the {'^) n ■C^^_(q (Xt) sense, that is, imiformly, 

however, notwithstanding the fact that V : ]R \ {0} ^ IR is regular {h'y{¥._^), h'yia"^ i=0, j = 1, . . . ,N+1), 

since the strict inequalities g'^{z) + g'_{z)-V{z)-{, + 2Qe < 0, z e (-co,bj;) u (fl^^i,+co) u (U^j(a^,i7p), 

and ±Re(i ^i^yis) ds) > 0, z e C± n (Up^^Up, fail at the end-points of the support of the 'even' 

equilibrium measure, this implies that v^{z) — > v°°{z) as n —> oo poinhvise, but not uniformly, for z e E^, 

whence, one can not conclude that M (z) m°°{z) as « ^ oo uniformly for z e E^. The resolution of 
this lack of uniformity at the end-points of the support of the 'even' equilibrium measure constitutes, 

therefore, the essential analytical obstacle remaining for the analysis of the RHP (m''(z), v^z), eJ), and 
a substantial part of the following analysis is devoted to overcoming this problem. 

The key necessary to remedy (and control) the above-mentioned analytical difficulty is to con- 
struct parametrices for the solution of the RHP (m''(z), !;''(z), eJ) in 'small' neighbourhoods (open 
discs) about (where the convergence of v'^{z) to v°°{z) as « ^ oo is not uniform) in such 

a way that, on the boundary of these open neighbourhoods, the parametrices 'match' with the so- 
lution of the model RHP, m°°(z), up to o(l) (in fact, 0{n~^)) as n ^ oo; furthermore, in the generic 
framework considered in this work, namely, V: R \ (0} ^ IR is regular, in which case the (density 
of the) 'even' equilibrium measure behaves as a square root at the end-points of supp(|U^), that is, 
jp<'^(s) =siv._^ Oiis-¥._^y'^) and ip'yis) 0((a'-sy'^), j=l, . . . ,N+l,it is well known [3, 59, 90, 99] that 
the parametrices can be expressed in terms of Airy functions. (The general method used to construct 
such parametrices is via a 'Vanishing Lemma' [100].) More precisely, one surrounds the end-points of 
the support of the 'even' equilibrium measure, a''-}^J^^ , by 'small', mutually disjoint open discs, 

]D,(by,):={zeC;\z-V._^\<e''.] and D,(flp- jzeC; Iz-fl^Ke"}, ; = N+1, 

where £^,6" are arbitrarily fixed, sufficiently small positive real numbers chosen so that Df(fc^_j) n 

De(flp = 0, /,/ = 1,...,N+1, and defines S^Xz), the parametrix for M^z), by m°°{z) for z e C \ 
{[Jp^\TDeQfj_^) U Df(flp)), and by nfpiz) for z e Up^^{De{¥j_^) U Df(flp), and solves the local RHPs 
for mp(z) on U^"^^(De(fc^_j) U Df(flp) in such a way ('optimal' in the nomenclature of [59]) that 

m^z) ^n^^ m°°(z) (to O(n-i)) for z e Up^\dDe{b'j_^) U dDeia'j)), whence K^iz) ■- m'*(z)(S;(z))-i : C \ 
eJ -> SL2(C), where eJ := eJ U iUp^\dr)eiV._^) U 6ID^(ap)), solves the RHP i'R'{z),v'^{z),T.l), with 
l|j^Is>(0~IIU rP tvh =n^ooO{n~^) Uniformly; in particular, the error term, which is 0(n~^) as « ^ oo, 

is imiform in flpgii 2,oo)-£^^(f.j(Ej). By general Riemann-Hilbert techniques (see, for example, [98]), 

'R''[z) (and thus M (z) via the relation M (z) = 'R'^(z)Sp(z)) can be computed to any order of via 
a Neumann series expansion (of the corresponding resolvent kernel). In fact, at the very core of 
the above-mentioned discussion, and the analysis that follows, is the following Corollary (see, for 
example, [90], Corollary 7.108): 

Corollary 4.1 (Deift [90]). For an oriented contour L <z £, let nf° : (C \ L ^ SL2(C) and m^") : C \ E -> 
SL2(C), n e N, respectively, solve the following, equivalent RHPs, (m°°(z), i;°°(z),E) and {m^"\z),v^"\z), 
E), where 

i;"": E-4GL2(C), zf^ (l-ii;!?(z))-\l+z<(z)) 

and 

E->GL2(C), zv-^{l-w^"\z))~^{l+w^"\z)) , 
and suppose that (id-CJ^„)~"^ exists, where 

£l^^^^iE)3f^CZ~^f:=C-{fzo-) + C-{fw^), 
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with 



z' £±sideofi; ^ 



and llwfH-)-M',°°(-)lln,„|2„|XP„ (^(z) as n ^ co, / = +1. Then, 3 N'e^such that, V n >N*, m°°{z) and m^"\z) 
exist, and ||m|"'(-)-mj°°(-)||£2^ ^^^^^r^^O as n^oo, / = ±1. 

A detailed exposition, including further motivations, for the construction of parametrices of the 
above-mentioned type can be found in [3,57-59,61,90]; rather than regurgitating, verbatim, much 
of the analysis that can be found in the latter references, the point of view taken here is that one 
follows the scheme presented therein to obtain the results stated below, that is, the parametrix for 

the RHP (M^z), ^"(7), eJ) formulated in Lemma 4.2. In the case of the right-most end-points of the 
support of the 'even' equilibrium measure, {fl^l^l^^, a terse sketch of a proof is presented for the 
reader's convenience, and the remaining (left-most) end-points, namely, Vq,V^, . . - /V^, are analysed 
analogously. 

The parametrix for the RHP (M (z),i;''(z), E') is now presented. By a parametrix of the RHP 

(m''(z),u''(z), eJ), in the neighbourhoods of the end-points of the support of the 'even' equilibrium 
measure, a'^jl^J'^ , is meant the solution of the RHPs formulated in the following two Lemmas 
(Lemmas 4.6 and 4.7). Define the 'small', mutually disjoint (open) discs about the end-points of the 
support of the 'even' equilibrium measure as follows: lU^^ := {z e C; \z-V._^\ < 6^ e (0,1)} and 

:={zeC; |z-fl^| < 6^. e (0, 1)}, / = 1, . . .,N+1, where and 6^. are sufficiently small, positive 
real numbers chosen (amongst other things: see Lemmas 4.6 and 4.7 below) so that U^^ fl TU^ = 0, 

i,i - + 1 (the corresponding regions Q^'' and O^'.', and arcs Tf^\ and Tf/., j = 1, . . . ,N +1, 

I -1,2,3, i, respectively, are defined more precisely below; see, also. Figures 5 and 6). 

Remark 4.4. In order to simplify the results of Lemmas 4.6 and 4.7 (see below), it is convenient to 
introduce the following notation: (i) 

1^"^ \Ai (z) 6J^Ai (w"^z)j 2v ' \Ai (z) &/Ai(&/z)j ^ ' 

Ai(z) -cu^Ai(a;z)\ -m.a3n \ u/Pi' -cv^ Ai{a)z)\ .in 



^3(-)-(Ai'(z) -Ai'(;z)'j-"""(I^-)' ^4(-)-(Ai'(z) -Ai'(;z)'f""' 

where Ai(-) is the Airy fimction (cf. Subsection 2.3), and a) = exp{2ni/3); and (ii) 

(q', i = l,...,N, 
[0, i = 0,N+l, 

where Cl' = 4n j^"*' ip'yis) ds. 

Lemma 4.6. Let M** : C \ eJ -> SL2(C) solve the RHP (M^z), v^{z), lI) formulated in Lemma 4.2, and set 
Ul^^:={zeC;|z-fc^_il<6;;.^e(0,l)}, ; = 1,...,N+1. 

3n . ^2/3 



Let 



with 



I3n 

e,^ Jz) = -2 j^'" {R,{s))''%{s)ds, 



where, for zeUl^ \ {-oo,b'j_^), ^{z) = h{z-¥._J^I^Gl^ ^(z), ; = 1, . . .,N+1, with b:=±l for zeC^, and 



^(z) analytic, in particular. 



.J^. ^ 5/(;^--i)+|/'(^'--i)(z-fo;-_i)+^/"(f'^_i)(z-fc5_i)2+o((z-fo;:_,)3), 
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where 



/'(^'^)=i(-l) 
/"(^'o)=i(-l) 



,]f -}f V -a'^ 



-^0 "n+1 



'\2 



^1 /^'^(^^^(/z'vC^^yMcwn 
1 



I 1 



+ 



(^,._«p2; 



2 



N 



b'-K K-a", K-ai 



with 



IK- 



N+l / 

1/2 



(>0), 



and, for ] = !,.. .,N, 



( 



nv;)=i{-i) 



N-j 



k=l\ ] k ] kj 



/"(bp=i(-i) 



'\2 



h^y{VI){¥y{V;))" -{{h\,{¥l))') 



( 1 

(¥-¥ 



h 



E 



1 1 



\ I k j k) 



+ 



1 1 
■ + ■ 



¥-¥^¥.-a' 

k=\\ ] k j k) 



lie^a" ¥-a'' ¥-¥ 



\k*j 

w 



with 



/-I 



xl/2 



(>0), 



[ k=\ i=j+\ 

and ((0, 1)3) 6'^ ^, j = 1, . . . ,N + 1, are chosen sufficiently small so that {z), which are bi-holomorphic, 
conformal, and non-orientation preserving, map lU^^ (and, thus, the oriented contours EJ"^ ^ := yj'^_^Tf^[ ^, 
/ = 1, . . . , N + 1 : Figure 6) injectively onto open (n-dependent) neighbourhoods lU^^ , j = 1,. . .,N+1, ofO 
such that 0i (b') = 0,(i)1 -.U' ->U". -Of (U^ ),Of (U^. nlf/' ) = 0i (U\ )nf'',and 
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% m n o;-' ) = % {Ul ) n q;-' 1 = 1,2, 3 a, with of = {C e C; arg(C) e (0, 27i/3)}, Of = {C e 
C; arg(Qe(27T/3,7i)}, Q^^^^^ICeC; arg(Qe(-7i, -27T/3)},flnd O;^^ ={CeC; arg(C)e(-27i/3,0)}. 

T/ie parametrixfor the RHP (m''(z), l''*(z), 111), for ^ ^ , - ■■, is the solution of the following 



^"X.. 

E)f )-lrv'' ^ 7wth 

Oi,._j ' 0,-1 . • . . £,._j - f)y_i' 

|4 .A' 



RHPs/or;^:'': \Ll -^SL2{C), j = 1, ... ,N+1, ivhere LI ~ y^yl ), ivith {(i>l denoting 



the inverse mapping, and :=Uj^^y^' : (i) ?C'{z) is holomorphicfor zeU'i \ , ;' = 1, . . .,N+1; (ii) 
P(±{z) := lim '^''(z')/ / = 1, ■ ■ ■ , N+ 1, satisfy the boundary condition 



z' G± sideof 



^';(z)=^i(z)u»(z), zeK he;;. , 7=i,...,n+i, 

where (z) fs given in Lemma 4.2; and (iii) uniformly for z e (^U^^ : = |z e C; |z - V._^ \-^\. j |/ 7 ~ 1/ ■ • • ' ^^+1/ 

k"{z){X\z)y^ = l+0{n-^), i = l,...,N+l. 



/I— JOO 



The solutions of the RHPs (-Y'(z), i;tt(z), U;; n E;; ),; = !,..., N+1, are; 
(l)/orzeQ;;^^:=U;^n(<l.^^J-i(Q;;^^),7 = l N+1, 



^^(z) = V^e-Tm-(z)a3e^""H^'^("^'(j /j(<l.^^.^(z))^''^^^i(0;,^(z))e^"'^H(^)'^V3, 



zfftere m"'(z) is given in Lemma 4.5, anti ^j(z) and O^. are defined in Remark 4.4; 

/=1,...,N+1, 



(2)/or zgQ£ :=U;^ n {<^^^ ym^;), i=l N+1, 



X^iz) = V^e-Tm-(z)a3e^""H^^C'3)^; ;j(cl.^;^. ^(z))i''^vi/^(cl.;;^. ^(z))e^"V.^^'"^a3, 

ro/zere ^jC^) defined in Remark 4.4; 

(3) /or z G Q;^3^ := Ul^_^ n (O^, )-i (Q;^^ ), / = 1, . . . , N+ 1, 

X^{z) = V^e-T;^-(z)a3e-^""H^'*('^^'|j ~^J(0;.^(z))^-3Vi/^3(0^^^^(z))e^"S-.(^^"'a3, 

roftere ^3(z) zs defined in Remark 4.4; 

(4) /or ZGQ-*^ :=U;^^ n {%^_y&tt> i=l N+1, 



where ^^(z) fs defined in Remark 4.4. 

Lemma 4.7. Let M** : C \ eJ ^ SL2(C) so/i?e f/ze RHP (M^z), v^z), lI) formidated in Lemma 4.2, and set 

U^^ -jzeC; \z-a'^<&;,^e{0,l)], ; = 1,...,N+1. 



Let 

/3n ^2/3 



with 



I3n r'" 

.;.(z):=(-4;.(z)) , y=i n+i, 

j;.(z) = 2 r(R,(s))i/X(s)ds, 
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where, for z&l]'^^ \ (-00, ap, 4^.(z) = (z-flp-^^^G^.(z), ] = !,.. .,N+1, with GJJ^(z) analytic, in particular, 
G;.(z)^=^J/(«P + ^/'(«P(z-«P + ^/"(«P(z-flp'+C((z-flp3), 

1 f^/l l\ 1 



where 



+ (^y(flN+l))''?«^,,' 
y(flN+l)('^v(«N+l 



flK.i-^'P^ K.i-^ri 



V"\"n+i "/ "n+1 "1/ "n+1 "0^ 

+ (?^y(«N+l))''Kj' 



^"1 



("N+l-fco)n(''N+l-fcP(«N+l-4) 



1/2 



(>0), 



and, for /=1, ■ ■ - /N, 

/(flp=(-lf-^'^i/z^^(flpr7„.. 



/'(flp=(-lf-^-^i 

+ (^^y(«p)''?«;:), 
/"(flp=(-ir^"^i 



111 
+ — ^ — ^ + - 



a<'-lf a'^-a'' a'^ -¥ 
u. u- a. Mj^^j a. 



\^^{a%h^^{a^;))"-({¥^{am^ 1 i n 
ria'-i:hy{a'^i]„' 



b 
Kk*j 



1 1 
■ + - 



] k' ^ J k' J 



1^ 



( 



1 

+ 2 



E 



\ ] k ] k) 



111 

+ — 7T + -^ ; — + 



a''-V. a'^-ai,^^ a'^-b' 

] I I N+1 / OJJ 



\k*j 



111 
: + — + - 



a'^.-V. a^.-al, , a'^.-bf, 

11 / N+1 ; 



+ (^'y(«P)'']«5 



with 



/■-i 



;=;+i 



k=l 



1/2 



(>0), 
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and ((0, 1)3) b^^., ] = !,..., N+1, are chosen sufficiently small so that Ofl.(z), which are bi-holomorphic, conformal, 
and orientation preserving, map (and, thus, the oriented contours L^. := U'^^^L'^;', .., N+1 : Figure 5) 

injectively onto open (n-dependent) neighbourhoods ,] = !,..., N+1, ofO such that O^^ (ap = 0, O^^ : lU^ — > 

U^,^^ :=%(Uy, n TJ;-;) = 0l^{Ul) n >/'/, and $^^(0^^^ n = cD^J^XU;;^^) n Q^'/, / = 1,2,3,4, z(;ft/2 

Q^'/ = (C e C; arg(C) e (0, 27i/3)}, Q^f = {C e C; arg(C) e (2ti/3, ti)}, O^f = {C e C; arg(C) e {-n, -2n/3)], and 
Q^f = (CeC; arg(Qe(-2H/3,0)}. 

The parametrix for the RHP (m''(z), {'"(z), zj), /or z e TU^ , j = 1, . . . ,N + 1, is the solution of the 
following RHPs/or /^T'' : U^^ \ Ef,^. ^SLzCC), ; = 1, . . . , N+1, ro/zere E^^ (<E'f,p-Hyfl,). with denoting 
the inverse mapping, and yl. := uf^y/, ■ W '^'(z) holomorphic for z e U^^ \ Z;;^, ; = 1,. . .,JV + 1; (ii) 
/V'^(z):=lim z'^z '^'(z'), 7 = 1, ■ ■ .,N+1, satisfy the boundary condition 

z' e±siileofE^ 

/ 

^;(z)=X:(z)u«(z), zgU^, 7 = 1 N+1, 

iw/zere v^{z) is given in Lemma 4.2; and (iii) uniformly for zedAJ"^ :=|zeC; |z-fl^| = 6fl.}, 7 = 1, . . .,N+1, 

m°°(z)(^''(z)ri = l+0(n-i), 7 = 1,...,N+1. 

n— >oo 

T/ze solutions of the RHPs (-Y"(z), i;tf(z), U^^ n Z;;^ ), ; = 1, . . . , N+ 1, are: 

(1) /or zeQ^'/ :=U^,^^ n (Oy-i(0«f ), 7 = 1. • ■ -.^+1. 

A:^(z) = ^^^^(z)^''''^^^{^ ~^JK,(z))^-^vI/^l(0;.(z))e^"^"/^^^''^ 

ro/jere m°°{z) is given in Lemma 4.5, and ^\{z) and are defined in Remark 4.4; 

(2) /orzGQ^f :=U^^^ n (Op-i(Q^f), 7 = 1,. ..,N+1, 

Ar^(z) = V^e-f ^-(z)e^""'^'^("^)|j "/J(cI.;.(z))i"3xi/.(ci,.^(2))e^</^)"3^ 

ly/iere ^jC^) defined in Remark 4.4; 

(3) /or z e Q^f := U^^^ n (Op-i(Q^f ), 7 = 1, . . . , N+ 1, 

Ar^(z) = V^e-f ^-(z)e-^""/^'*("^'|j ~/|(cI.:;/z))i'^3W^K/z))e^"^"/<^'"% 

ro/zere ^3(z) is defined in Remark 4.4; 

(4) /orzeQ^f :=U^^^ n (0;;,)-i(n:;f ), ; = 1 N+1, 

X\z) = V^e-T^-(z)e-^""'^'^("^'|j "/|K/z))^'^3^1(0:,(z))e^"*"i<^'''^ 
zf/zere ^^(z) zs defined in Remark 4.4. 

Remark 4.5. Perusing Lemmas 4.6 and 4.7, one notes that the normahsation condition at infinity, 
which is needed in order to guarantee the existence of solutions to the corresponding (parametrix) 
RHPs, is absent. The normalisation conditions at infinity are replaced by the (uniform) matching 

conditions nf° (z){XHz))-^ = l+Oin'^), where *, e {fc;-i,fl,}, / = 1, . . .,N+1, with dUi defined in 

'i 

Lemmas 4.6 and 4.7. ■ 
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Sketch of proof of Lemma 4.7. Let (M (z), v"{z), E') be the RHP formulated in Lemma 4.2, and recall 
the definitions stated therein. For each fl^ e supp(fiy), j -1, . . . ,N +1, define , / = 1, . . . , N+ 1, as in 

the Lemma, that is, surround each right-most end-point oj' by open discs of radius 6^ . e (0, 1) centred 

at fl^. Recalling the formula for v\z) given in Lemma 4.2, one shows, via the proof of Lemma 4.1, that: 

(1) 47ii£"*' i/'y(s)ds = Ani{Jj+£j+£.''*')4>'y{s)ds, whence, recalling the expression for the den- 
sity of the 'even' equilibrium measure given in Lemma 3.5, that is, d|Uy(x) := ipyix) dx = 
^^{Re{x))]!\{x)mx) dx, one arrives at, upon considering the analytic continuation of 47Ti 
■ ds to C \ ]R (cf. proof of Lemma 4.1), in particular, to the oriented (open) skele- 
tons U': n if.-- U f.--), i = 1,. . .,N + 1, 47zi f""' ipUs)ds = -^l{z) + iU' i = 1,. . .,N + 1, where 

Ofij ] ] JZ V I J 

if^.{z) = 2 jr^(Re(s))^''^/Zy{s) ds, and lY. are defined in Remark 4.4; 

(2) g';(z)+gl(z)-y(z)-4+2Q. = -2 jr^(R,(s))i/2/z^^(s)ds<0,ze(fl^^j,+(x,)u (U^^j(fl^,bp). 

Via the latter formulae, which appear in the (z y)-elements, i, j = 1, 2, of the jump matrix u'*(z), denoting 
m" (z) by ,Y''(z) f or z e , y = 1, . . . , N + 1, and defining 



|^.(2)e4<,W-3gi«n;^3^ zeC^^Vl, ]=!,.. .,N+1, 



onenotesthat y^.: \ ^GL2(C), where U U (fl';-6^,fl^+6f,.), ; = 1, .. .,JV-Hl, solve the 

RHPs (J'fljCz), Vy (z),/ap, with constant jump matrices (z), ] = !,.. . ,N+1, defined by 



I + CT_, z e U': n (/':'" U /'/- ) = If'^ U Ef 
102, ze\]' nia'-6l,a') = L';;^ 



subject, still, to the asymptotic matching conditions m°°(z)(^''(z)) ^ =„^oo l + 0{n uniformly for 
z&d\]l ,/=!,... ,N+1. 

Set, as in the Lemma, Oa^.(z) := {jnE,l^{z)f-^^ , ] = !,.. .,N+1, with <Sa.(z) defined above: a careful 
analysis of the branch cuts shows that, for z e , / = 1, ...,N+1, Oa.(z) and <5a.(z) satisfy the 

properties stated in the Lemma; in particular, for O^. : — >C, / = 1, . . .,N+1, 0|; (z) = (z-ap''^^G^.(z), 

with G^^(z) holomorphic for zeU^ and characterised in the Lemma, Of, (^p = 0, {0'^„.{z)y i=0, zeU'^^ , 

and where (OJ^ (ap)' = {nf{a'^j))^^^ > 0, with /(fly) given in the Lemma. One now chooses 6'^,. (e (0, 1)), 
;' = 1, . . . , N + 1, and the oriented — open — skeletons ('near' ap J^., j = 1, . . . ,N + 1, in such a way that 
their images under the bi-holomorphic, conf ormal, and orientation-preserving mappings (z) are 

the union of the straight-line segments y^', / = 1, 2, 3, 4, = 1, . . . , N+1. Set C := (z), ] = !,..., N+1, and 
consider A'''(Og (z)) :=W{C.). Recalling the properties of OJ^ (z), a straightforward calculation shows that 

: %{IJI ) \ Uf.jyf'' ^ GL2(C), ; = 1 JV+1, solves the RHPs {W'{Q, v'^XQ, ^UY/X 7 = 1, • • • , N+1, 

with constant jump matrices u^,(C), ;' = 1, . . . , N+ 1, defined by 



fl+a_, Cey^fuyf, 

The solution of the latter (yet-to-be normalised) RHPs is well known; in fact, their solution is expressed 
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in terms of the Airy function, and is given by (see, for example, [3, 58, 59, 61, 90]) 







j 


=1,- 


.,N+1, 






i 


=1,- 


.,N+1, 






i 




.,N+1, 






i 




.,N+1, 



where ^^(z), k = 1,2, 3 A, are defined in Remark 4.4. RecalHng that Of,^(z), / = 1, . . . ,N+ 1, are bi- 
holomorphic and orientation-preserving conformal mappings, with O^j (fly) = and (: —> 

Of,/Uy=:Uy : U^,_ n/;->0;.(U^_^ n/p^U^,^ n(utjy:;';),/=l N+l, one notes that, for any 

analytic maps . : U'^ ' ^ GL2(C), ; = 1, . . . , N+ 1, \ 3 C i-> £f, . (C)^''(C) also solves the latter RHPs 

(W'(C)/ v{yAQ' '^f^iYttj)' 7-1/ • ■ - /N+l: one uses this 'degree of freedom' of 'multiplying on the left' by 
a non-degenerate, analytic, matrix-valued function in order to satisfy the remaining asymptotic (as 
n^co) matching condition for the parametrix, namely, m"^ {z^PC^ {z))~^ = „^oo l+0{n~^), uniformly for 

zedUl^, j=l,...,N+l. 

Consider, say, and without loss of generality, the regions Ql'^ :- {(l^„.)~^{Qa^), j - 1, . . . ,N + 1 
(Figure 5). Re-tracing the above transformations, one shows that, for z e 0^'^ (c C+), j = 1, . . . ,N + 1, 
/Y'^(z) = El.{z)W{{jn£,l.{z))^^^) exp{j{^l.{z) - iU''.)a3), whence, using the expression above for W{Q, 

C e C+ n Oa'.^, ; = 1, . . . ,N+1, and the asymptotic expansions for Ai(-) and Ai'(') (as n ^ oo) given in 
Equations (2.6), one arrives at 



demanding that, for zedQl'^ n dU' ,] = !,. ..,N+1, m°°{z)(?(''{z))-'^ =n^^l+0{n-^), one gets that 



2/3\ 4'^3 



i = l,...,N+l 



(note that det(£3 (z)) - 1). One mimicks the above paradigm for the remaining boundary skeletons 
dCf^' n (91LJ^ , 1 = 2,3,A, j -1, . . . ,N+1, and shows that the exact same formula for (z) given above is 
obtained; thus, for (z), ; = 1, . . . + as given above, one concludes that, uniformly for z e dtJ'i , 

= N+l, m°°(z)(^''(z))"i — CO l+0{n ^). There remains, however, the question of unimodularity. 



smce 



det(^^(z)) = 



Ai(Oj;^(z)) Ai(cv^Ol^(z)) 
Ai'(cl.^,(z)) cv^Ai'{cv^0Uz)) 



or 



AWa^iz)) -a;2Ai(a;0;.(z)) 
Ai'(cl.;;,(z)) -Ai'(a;0^rz)) 



multiplying /Y''(z) on the left by a constant, c, say, using the Wronskian relations (see Chapter 10 of 
[93]) W(Ai(A),Ai(a;2A)) = (2n)-i exp(i7T/6) and W(Ai(A), Ai(a;A)) = -(2H)-iexp(-i7i/6), and the linear 
dependence relation for Airy functions, Ai(A) + co Ai{coA) + aP' Ai{a/A) - 0, one shows that, upon 
imposing the condition det(/Y'^(z)) = l,F=(27i)^^^exp(-i7i/12). □ 
The above analyses lead to the following lemma. 



Lemma 4.8. Let M" : C \ ^ SL2(C) solve the RHP (M"(z), v^{z), lI) formulated in Lemma 4.2. Define 

§;{z)~< 



|m-(z), zeC \ lJp,'{Ul^ ^ U U^), 

U^(z), zeu^^-;i(u;_^ uij^^J, ' 
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where m°° : C \ /™ — >SL2(C) is characterised completely in Lemma 4.5, and: (l)/or zeU^ = ..,N+1, 

X'lUl \Ll -^SL2{C) solve the 'RHPs{?('{z),v^{z), LI ), j = l,...,N +1, formulated in Lemma 4:.6; and 

{TjforzeUl , i = l,...,N+l, X': \ Ll^SL2{C) solve theRHPs {X'{z),v^{z),i:i), i = \,...,N+l, 
formulated in Lemma 4.7. Set 

31\z):=m\z)(%1{z))\ 

and define the augmented contour Ep := zj U (UpJ^((91LJ^^ U lU^ )), with the orientation given in Figure 9. 

Then 31'': C \ Z;; -> SL2(C) solves the following RHP: (i) T{z) is holomorphic for z e C \ LI,; (ii) 3il{z) := 
lim z'^z ^''{z') satisfy the boundary condition 

z'e±sideofL^ 

Jll{z)^Ji'_{zy^{z), zeL;, 

where 

V^{z), 2G(-oo,?,^-6yu(fl^^^ + 6f,,^^,+oo)=:E;'\ 

vfiz), ze(a^ + 6f,,fc5-6^>:E;;5cuf^,E;j=:Ef, 

L-3(2), zeUp^\j-'\{C.n{W^^^^UW^^)))=:Lf, 

"'*^^^^-L^^*(z), zeuf^-;i(/;'-\(C_n(U^,^_|_^ UU^,^|)))=:Ef, 

v'^izl zeuf-\dlJl^^^_^UlJl)=:Lf, 

l, zeE^\uf^^E;'', 

v^{z) = l+e I ' ^-^ ' ^' m^(z)a+{m^{z)) , 

v'^{z) = I+e-^'^^X""*' 't''^^'^'^' m'^{z)a-{m'^{z))-\ 
i;'^''(z) = I+e*"™r^*' 't'v^'^'^' m'^(z)a-{m'^{z))-\ 
v'^{z) = X^iz)(m-izr' : 

(iii) T{z) =,^^ I+C)(z-i); and (iv) S^-'lz) = 0(1). 




Figure 9: The augmented contour Ej; := E? U (U ^1+^ ((?1LJ^^ U (911^ )) 
Proof. Define the oriented, augmented skeleton Ep as in the Lemma: the RHP (IR'^(z), l'^(z), Ep) 

follows from the RHPs (m\z), v\z),lI) and (m°°(z),u°°(z),/,°°) formulated in Lemmas 4.2 and 4.3, 
respectively, upon using the definitions of §p(z) and ^'^(z) given in the Lemma. □ 
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5 Asymptotic (as n^oo) Solution of the RHP for Y (z) 

In this section, via the Beals-Coifman (BC) construction [84], the (normalised at infinity) RHP (3i''(z), 
u!jj(z), Ep) formulated in Lemma 4.8 is solved asymptotically (as n—><xi);m particular, it is shown that, 
uniformly for z e E^, 

e ~ 

where f{n) =n^co 0(1), and, subsequently, the orig rnal RHPl, that is, (Y(z), l + e-"^(^)a+, IR), is solved 
asymptotically by re-tracing the finite sequence of RHP transformations 3i'^(z) (Lemmas 5.3 and 4.8) 

e a e e e 

— > M (z) (Lemma 4.2) — > M(z) (Lemma 3.4) — » Y(z). The (unique) solution for Y(z) then leads to the 
final asymptotic results for nmi'z) (in the entire complex plane), cE^Jf"' and (pmiz) (in the entire complex 
plane) stated, respectively, in Theorems 2.3.1 and 2.3.2. 

Proposition 5.1. Let 31': C\ Ej; ^ SL2(C) solve the RHP {'Ji'{z), v'^{z), L"!,) formulated in Lemma 4.8. Then: 
(1) for ze (-CX,, hl-bl) U (fl^.i +6^,,,, +-) =: Zf, 



fl+0(/«,(«)e— -1^1), zeEf \U^, 

|i+C)(/o(„)e-«'^oi2i->)^ zeE;; n u;;. 



ivhere cq, > 0, {foo{n))ij =„^oo 0{l), {fQ{n))ij =„^c=o 0{1), i, j = 1, 2, and := {z e C; |z| < e}, with e 
some arbitrarily fixed, sufficiently small positive real number; 

(2) forze{a^.+bl^,V-bl)=:i:f. c uJ!^E;;^=:E;'^ ; = 1, . . .,N, 

ri+0(^(n)e-"^'H)), zeE;;5\U^„, 
|l+0(/y(M)e-"'^'l"l"'), zeE^'^ n U;,, 

zwftere Cjfcj > 0, (//(«))« =„^«, 0(1), and (fj{n))u =„^«, 0(1), k,l = l, 2; 

(3) /orzeU^^-;i(/;'" \ (C^ n (U;^_^ U U^^^^ )))=:Ef , 

i;^g,(z) = l+0(/(«)e-"^l^l), 

roftere c> and {f{n))ij =n^^ 0{\), i, j = 1, 2; 

(4) forzeup^^f:' \ (C- n (U^,^^^^^ U U^^^)))=:Ef , 

i;;.(z) = l+C)(/(n)e-"^l^l), 

li'/iere c> anti {f{n))ij =n^ca 0{1), i, j = 1, 2; and 

(5) forzeUp^\dUl^^_^ UdUl)-Lf, 

^-^^^ = '-i^^'''^4-/^'\V-^-'. "^^^::^:^f;"'1(3jr(z))- 

-.Jn*? "^Vi^^^ \+i(si-ti)e M ±(si + fi) / 



+ 



■f))r{z)f^jn){3jr{zr' 



; = 1,...,N+1, 



where 3)1 (z) is characterised completely in Lemma 4.5, si = 5/72, = -7/72, for j = 1,. . .,N+1, 
^(z) = -2 (Re(s))-^^^/t^(s) ds = {z-V._ff'l'^G'y ^(z), rozY/i ^(z) described completely in Lemma 
4.6, 0^'_j is defined in Remark 4.4, and (/^^ ^ («))« =n^oo C)(l), k,l = l, 2, and 

\±i(si-fi)e ' ±{si + ti) j 
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j = l,...,N+l, 



where, for j = l,...,N+l, E^.iz) = 2 £{R,{s)y'^h'y{s) ds = (2-^^3/2^(2), with Gl.{z) described 
completely in Lemma 4.7, and =n^ooC)(l), k,l = 1,2. 

Proof. Recall the definition of u'^(z) given in Lemma 4.8. For z e ^p^'= {-<^, +0°), 
recall from Lemma 4.8 that 

u^3,(z)-i;5^i(z) = I+exp(n(g;(z)+gl(z)-y(z)-4+2Q.))>(z)a^(^-(z))-\ 
and, from the proof of Lemma 4.1, ^+(z)+^':(z)- V(z)-^^ + 2Q, equals -2 J' {Re{s)y'^h'y{s) ds (< 0) 

for z e (flf^+i """^flN+i' ^'^'^ equals 2 £ ''(Rj,(s))^^^/z^(s) ds (< 0) for z e (-00, [7^-6^; hence, recalling 
that V: IR \ {0) — > R, which is regular, satisfies conditions (2.3)-(2.5), using the asymptotic expansions 
(as |z| — > 00 and |z| — > 0) for g+(z) + g5L(z)- y(z)-4 + 2Qp given in the proof of Lemma 3.6, that is, 
gt(z)+/_(zhy(zH.+2Q. =|zHc<, ln(z2+l)-y(z>fO(l) and ^^^(z)+g^z)-y(zK.+2Q. =|zHo ln(z-2+l)-V(z>tO(l), 
upon recalling the expression for m°°(z) given in Lemma 4.5 and noting that the respective factors 
y'^(z)+(y''(z))~^ and d'^{±u'^{z)-^Cl''±de) are uniformly bounded (with respect to z) in compact subsets 
outside the open intervals surrounding the end-points of the suppport of the 'even' equilibrium 
measure, defining Ug as in the Proposition, one arrives at the asymptotic (as n ^ 00) estimates for 
i'^(z) on Ej,'^ \ U'q3 z and E^'^ n Ug 3 z stated in item (1) of the Proposition. (It should be noted 
that the «-dependence of the GL2(C)-valued factors /oo(n) and /o(w) are inherited from the bounded 
((9(1)) ^-dependence of the respective Riemann theta functions, whose corresponding series converge 
absolutely and uniformly due to the fact that the associated Riemann matrix of |3''-periods, t*", is pure 
imaginary and -ir'' is positive definite.) 

For ze E'''^:= (a' +61, ¥--51 ), / = 1, . . . ,N, recall from Lemma 4.8 that 

v'^{z)■.= vf{z) = \+^-'""'^^^p[n{g\{^^^ 

and, from the proof of Lemma 4.1, g';(z)+^l(z)-y(z)-4+2Q, = -2 £x^eW)'''^^\,{5) ds (< 0). Recalling, 

also, that (i?£,(z))^^^ := (niLV(2~^fc-i)(^~''p)^^^ is continuous (and bounded) on the compact intervals 
{a'.,V^ 3 Ep'^ 9 z, / = 1,...,N, vanishes at the end-points (resp., {^^yl^j) like {Re{z)f''^ =zi„j: 

0((z-flp^^^) (resp., (Rf,(z))^/2=2|/,';0((fc^'-z)^^^)), and is differentiable on the open intervals ^^p'y^z, and 

h%{z) = \ (4 + ^)(R.(s))-^^2(s-z)-i ds is analytic, it follows that, for zeE^'^, 



inf (R,(z))i/2=:my<(R,(z))i/2^M^:=sup(R,(z))i^ ; = 1,...,N; 

zee;:' 



thus, recalling the expression for m°°{z) given in Lemma 4.5 and noting that the respective factors 
y'^(z)±(y''(z))~^ and d''(±U^(z)-^£^±d^ are uniformly bounded (with respect to z) in compact subsets 
outside the open intervals surrounding the end-points of the suppport of the 'even' equilibrium 
measure, and defining as in the Proposition, after a straightforward integration argument, one 
arrives at the asymptotic (as n-^00) estimates for u'^(z) on E|^'^ \ Ug 9 z and Yl^. n Ug 9 z, ; = 1, . . . , N, 

stated in item (2) of the Proposition (the n-dependence of the GL2(C)-valued factors fj{n),fj{n), 
j = 1, . . . ,N, is inherited from the bounded ((9(1)) n-dependence of the respective Riemann theta 
functions). 

ForzeEp'^=U^+H/-''' \ (C+ n (U^^^ U U^ ))), recall from the proof of Lemma 4.8 that 
v'^iz) := i;;:^3(z) = l+exp|-4n7ii J""'' i/'yCs) ds'jm°°{z)a-{m'^{z))-\ 

and, from Lemma 4.1, Re(i j^'"^' i/^'^(s) ds) > for z e C+ n {Up^^U'.) D Lf, where U'. :={ze C*; Re(z) e 
flp, inf,e(;,;;^,«p \z- q\ < rj e {0,1)], j = 1, . . . ,N +1, with ^ nTW-'. = 0, ii= j = 1, . . . ,N +1: using 
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the expression for m°°{z) given in Lemma 4.5 and noting that the respective factors y'^{z)±{y'^{z)) 
and 0'(±u''(z)-^Q'^±d[,) are uniformly bounded (with respect to 2) in compact subsets outside the 
open intervals surrounding the end-points of the suppport of the 'even' equilibrium measure, an arc- 
length-parametrisation argument, complemented by an application of the Maximum Length (ML) 
Theorem, leads one directly to the asymptotic (as n^co) estimate for u!^ (z) on Tf^^ 3 z stated in item (3) 

of the Proposition (the n-dependence of the GL2(C)-valued factor f{n) is inherited from the bounded 
(0(1)) ^-dependence of the respective Riemann theta fimctions). The above argument applies, mutatis 
mutandis, for the asymptotic estimate of i;^(z) on Ep'* := Up;i(/''" \ (C- n (U^^ U ))) 3 z stated in 

item (4) of the Proposition. 

Since the estimates in item (5) of the Proposition are similar, consider, say, and without loss of 
generality, the asymptotic (as n 00) estimate for v''^{z) on (9U'^ 3z, = 1, . . . , N + 1: this argument 

applies, mutatis mutandis, for the large-« asymptotics of V^iz) on U^J^dU^^^ 3 z. For z e (91Ug , 

; = 1,...,N+1, recall from the proof of Lemma 4.8 that v'^iz) := v'^(z) = ?(''(z){m°°{z))~'^: using the 
expression for the parametrix, PC^iz), given in Lemma 4.7, and the large-argument asymptotics for 
the Airy function and its derivative given in Equations (2.6), one shows that, for z e C+ n ^U'^ , 

; = 1,...,N+1, 



v'j^iz) 



J ^ e 3 



m°°(z) 



le" 



-le- 



x(m°°(z))-i+d 



-in - i nW 

-sie 6 e 2 ' 

, -in -inU' 

tie 6 e ^ ' 



m-izil 1(m-(z))-i 



sjese^ ' 
-tie 3 e^ ' 



where (z) and O^, j = 1, . . . ,N+1, and si and t\ are defined in the Proposition, m"°{z) is given in 
Lemma 4.5, and C : ) e M2(C), and, for z e C- n dU\ , j=l, . . . ,N+1, 



v'{z) = 1+ 



e 3 



-m°°iz) 
( 



(. - 
le 



nxy. 



-le 



, -in : 

t\e se 



X (>(z))-i+6)[^_>(z)(; j(m-(z))-i 



sie 3 e 

4m . 

-rie 3 e 



- J 



Upon recalling the formula for m°°{z) in terms of 50? (z) given in Lemma 4.5, and noting that the 
respective factors y''(z)±(y''(z))~^ and 0''(±u''(z)-^Q'' + df) are uniformly bounded (with respect to 
z) in compact subsets outside the open intervals surrounding the end-points of the suppport of the 
'even' equilibrium measure, after a straightforward matrix-multiplication argument, one arrives at 
the asymptotic (as n 00) estimates for v''j^{z) on (9Ug 3 z, j - 1, . . . ,N +1, stated in item (5) of the 

Proposition (the n-dependence of the GL2(C)-valued factors fa-{n), ; = 1, . . .,N + 1, is inherited from 
the bounded {0{1)) n-dependence of the respective Riemann theta functions). □ 

Definition 5.1. for an oriented contour DcC, let 3V,(D) denote the set of all bounded linear operators from 
<.(C)(D)'«toXL(C)(DUeil,2,oo}. 

Since the analysis that follows relies substantially on the BC [84] construction for the solution of 
a matrix (and suitably normalised) RHP on an oriented and unbounded contour, it is convenient to 
present, with some requisite preamble, a succinct and self-contained synopsis of it at this juncture. 
One agrees to call a contour T** oriented if: 

(1) C \ rtt has finitely many open connected components; 

(2) C \ ff is the disjoint union of two, possibly disconnected, open regions, denoted by □ and O ; 

(3) rtt may be viewed as either the positively oriented boundary for O"*" or the negatively oriented 
boundary for C3~ (C \ T" is coloured by two colours, ±). 

Let rf*, as a closed set, be the union of finitely many oriented, simple, piecewise-smooth arcs. Denote 
the set of all self -intersections of T'^ by 1^ (with card(r^) < 00 assumed throughout). Set T" := Tt* \T^. 
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The BC [84] construction for the solution of a (matrix) RHP, in the absence of a discrete spectrum and 
spectral singularities [101] (see, also, [85,86, 102-104]), on an oriented contour T'^ consists of finding 
function J/ : C \ -> M2(C) such that: 

(1) J/(z) is holomorphic for zeC \ F", J/ t^^j-j has a continuous extension (from 'above' and 'below') 

to r«, and lim -j^-. L |J/(z')-J/±(z)|2 |dz| = 0; 

r'€±sideofrt 

(2) J/±(z) := lim z'^z J/(z') satisfy J/+(z) = J/_(z)d(z), z e P, for some (smooth) 'jump' matrix 

z' e±sideofrW 

v. rtt^GL2(C); and 

(3) for arbitrarily fixed Ao e C, and uniformly with respect to z, J/(z) =z^,\„ I+o(l), where o(l) = 0{z-Ao) 

;6C\rit 

if Ao is finite, and o{l)=0{z~^) if Ao is the point at infinity). 
(Condition (3) is referred to as the normalisation condition, and is necessary in order to prove uniqueness 
of the associated RHP: one says that the RHP is 'normalised at Ao'.) Let v{z) := (I-z(;_(z))~^(I + 
w+{z)), z e be a (bounded algebraic) factorisation for v{z), where w±{z) are some upper/lower, 
or lower/upper, triangular matrices (depending on the orientation of Pt*), and w±{z) e <^p€{2,oo\£!^^^Q 

(ftt) (if ftt is unbounded, one requires that iv±{z) = 0). Define iv{z) •.= w+{z)+iv-{z), and introduce the 
(normalised at Ag) Cauchy operators 

(z'-Ao)/(Q dC 



^M.(C)(r")3/^(Ci7)(2):= lim f 



, (C-Ao)(C-z') 2ni 

^^'^^^ (C-A KC-z) ^ i^ Cauchy kernel normalised at Ao (which reduces to the 'standard' Cauchy 
kernel, that is, ^ in the limit Ao co), with : ■^^^(^(^h ~> -^m2(C)(^''^ boimded in operator 
normi2, and ll(C±°/)(-)llx^ ^^^(pj) <const.||/(-)|lx^ ^^py Introduce the BC operator C^: 

^M.(C)(r") 3/^ Q>/:= C>(/i(;_)+C^(/ii;^), 

which, for e X^^(c)(r»), is bounded from X^^(c)(r«) ^ -Cm^^c)^^^ that is, ||C^°||K,(r») < fur- 
thermore, since C \ P" can be coloured by the two colours ±, are complementary projections 
[2,85,102,103], that is, (C^'f = C^", {C^°)^ = -C'>, C+°C> = C>C+° = (the null operator), and 
^A„_^A„ _ ^^j^g identity operator). (In the case that C'j° and -C!^' are complementary, the con- 
tour r" can always be oriented in such a way that the ± regions lie on the ± sides of the contour, 
respectively.) The solution of the above (normalised at Ao) RHP is given by the following integral 
representation. 

Lemma 5.1 (Beals and Coifman [84]). Set 

^A„(z)=J/+(z)(I+i«+(z))-i=J/_(z)(I-ri;_(z)r^ zeP«. 
If fiA„ gI+-£^^^q(P'*) solves the linear singular integral equation 

(id-ql,°)(fiA„(z)-I) = qlrI = C>(zi;_(z))+C^(it;,(z)), zeP«, 

where id is the identity operator on ■£m2(C)^^'*)' solution of the RHP (J/(z), v{z), P") is given by 

Ji-it (C-Ao)(C-z) 2ra 

rt;fere^iA„(z):=((id-C;!,°)-^I)(z)i3. 



^^The linear singular integral equation for fiA„(*) stated in this Lemma 5.1 is well defined in -C.^^f^-^{T^) provided that w+{-)e 
-^M2(C) (^'^ ^ -^M2(C) furthermore, it is assumed that the associated RHP (J/(z), v{z), T^) is solvable, that is, dim ker(id-Cf„° ) = 
dim{<f,eX^^(^j(rtt); (id-q;r)9=g}=dim0 = O (=> (id-C^r)-ir^2^ ^ (rt) exists). 
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Recall that 3?'' : C \ -> SL2(C), which solves the RHP (3?''(z), v'^{z), Ep formulated in Lemma 4.8, 
is normalised at infinity, that is, IR'^(oo) = 1. Removing from the specification of the RHP (3?''(z), u'^ 
(z), Zp the oriented skeletons on which the jump matrix, uij;(z), is equal to I, in particular (cf. 

Lemma 4.8), the oriented skeleton \ uf^^E^'', and setting E^ \ (E^", \ U^^^Tf/) (see Fi gure 10), one 




Figure 10: Oriented skeleton Ep=E^ \ (E^ \ uf^^E^'') 

arrives at the equivalent RHP (3?^(z), v'^J^{z), Ep for 31'' : C \ E^ SL2(C) (the normalisation at infinity, of 

course, remains unchanged). Via the BC [84] construction discussed above, write, for : Ep ^ SL2(C), 
the (bounded algebraic) factorisation 

v'j^ (z) - (l - (z))~^ (l + (z)) , z e E; : 

taking the (so-called) trivial factorisation [86] (see pp. 293 and 294, Proof of Theorem 3.14 and Proposi- 

tioti 1.9; see, also, [103,104]) zi;_^(z)sO, whence i;'^(z) = I + ro+*(z), zeEp it follows from Lemma 5.1 
that, upon normalising the Cauchy (integral) operator(s) at infinity (take the limit Ag ^ oo in Lemma 
5.1), the (SL2(C)-valued) integral representation for the — unique — solution of the equivalent RHP 
(Di^(z),u^3,(z),Epis 

r{z)^l+ fLAA^Ai^, zeC\Ep (5.1) 
Jl;; s-z 2711 f 

where fi^'^{-)el+£.^^^^^(L'j,) solves the (linear) singular integral equation 

(id-C- )f/'^'-(z) = I, zeEp 

with 



and 



z' e±sideofE^ 

furthermore, ||C± <oo. 

Proposition 5.2. Let 'R'' : C \ E^ ^ SL2(C) solve the following, equivalent RHP: (i) 3?''(z) is holomorphic for 
z e C \ Ep (ii) lR±(z) := lim z'^z 3^''(z') satisfi/ the boundary condition 

z' e±sideof Ep 

1l\{z) = '5l'_{z)v\{z), zeEp 

where v'^{z),for z e Ep is defined in Lemma 4.8 and satisfies the asymptotic (as n — > oo) estimates given in 
Proposition 5.1; (iii) T'{z) =z^oo l+0(z-'^); and (iv) Ji'iz) = z^o 0(1). Then: 

(1) forze{-^,¥^-6l) U (fl;^^j+6^,^^^,+cx,)=:Ep, 



\\w^^-)\\^, = Or-^^\, q = l,2, \\w^-{-)\\j~^ = 0(/(«)e-"^), 
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where oQ and f{n)=„^ooO{l); 
(2) /orze(fl^+6;.,i;^-6^>:E;jcuf^jE;j=: Zf , ; = 1 N, 

fj(n)e- 



where Cj > and fj{n) =„^oo 0(1); 
(3) forzeup^^f.-' \ (C^ n (U^,^ U U';^^)))=:Ef , 



llw+'^COIIxi (E'.3) = 0\ 

■^M2(C)^ p ' n— >oo 

where oQ and /(n)=„^ooC)(l); 



/(w)e ■ 



(4) forzeUp^Hfi' \ (C_ n (U^,^ _ UU'^J))=:E; 



e,4 



•^M2(C)^ p ' n— >oo 



me-' 



-^M,(C)^ P ' H^oo 



where c>0 and f{n)=„^aoO{l); and 
(5) /orzeU^^-;i(<?U;^._^ U 5U'^^ , 



Ollx" = ^5(n-V(n)), ^je{l,2,cx,}, 

-'-M,(q^^p ' H^oo V ■' / 



Furthermore, 



= 0(n-'f{n)), re{2,^], 



where fin) =n^caO{l); in particular, iid-C^^c ) tr2 .yes exists, that is. 



||(id-C%. = 0(1), 



and it can be expanded in a Neumann series. 

1 

Proof. Without loss of generality, assume that e Ep (cf. Proposition 5.1). Recall that w^^{z) = 

i;^(z)-I, z e Ep. For z e EJ;^, using the asymptotic (as n ^ co) estimate for u!)j(z) given in item (1) of 
Proposition 5.1, one gets that 

Ilii'f^COIIx- (r-.'):=max sup |(z(;f-(z)),,| = 0(/(n)e-«'^) , 



l|ri;f^(-)llr ff'''):= r l«^f"(z)lldz|= r 



|w;;-(z)||dz|= |ii^?(z)l|dz| 

\l/2 



{zvl^{z))ij{wl''{z))ij 



|dz| 



= 0(n-'^f{n)e-"')+0{n-^f{n)e-"') = 0(n-^ f{n)e-"') 



(|dz| denotes arc length), and 



•^M2(C)^ P ' 



<"(z)hdz| 



(4 



[ 



|ii;"'»(z)|2|dz| 



(i:;;'\iuj)uu'„ 



1/2 



(z)),,(ii'?(z)). 



|dz| 



1/2 
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= (0{n-^f{n)e-"')+0{n-^f{n)e-"')f'^ = 0(n-^'^f(n)e-"'), 

where oO and /(n)=„^o<,(5(l). 

For 2 e + V-61) =: Z;;;^ c uj^^E^j =: (c Sp, ; = 1, . . . using the asymptotic (as n^^) 
estimate for ^'^(z) given in item (2) of Proposition 5.1, one gets that 

ll^+''Ollr» (^c,2.:= max sup |(ro^^(z))ta| = 0(fj{n)e~"''), 

■^M2lC)'-p,i> k,m = \,2 J,2 n^ca \ ' I 

p./ 

r r { ^ 

= 0{n-^fi{n)e-"''), 



\W7^)\\r} (Y!^\ ■= I |ii'+''(z)l|dz| 



1/2 



|dz| 



and 



■^M2(C)^^p,,.' 



|zi;f-(z)|2|dz| 



1/2 



^ ■ 1. 7_1 



n1/2 



(z)),Kzi;7(z))H|dz| 



V"^^,v, U=l 



X 

= 0(n-i/V;(w)e""''), 

where Cj > and fj{n) =„^c<, (5(1), 1, . . . , N. 

For z e U^+i (/''" \ (C+ n (1LJ;;^_ U U'^ J)) =: Ep'^ (c Zp, using the asymptotic (as n->co) estimate for 
^^(z) given in item (3) of Proposition 5.1, one gets that 



ii;f"(-)llx" (i:-.3) := max sup |(zi;f-(z)),7l = 0(/(n)e-"'^) , 

zeL,: 



I 2 



||li;+''(-)llxi (x 



.3)- r Nf-(z)iidzi= r |]^(iC(z)),7«"(z)),7 

= 0(n-V(n)e-"^), 



1/2 



|dz| 



and 



-'-MnlO^'^P ■ 



/ ^ y/2 C 2 

:= (z)|2 |dz| = 2]^(zi;f- (z)),7(i(;^ (z)),; |d 

' W^f / l^'^^f i,j=\ 



--(Z)|2|dz| 

= 0{n-^^^f{n)e-"'), 



1/2 



where c > and /(n) =,,^00 0(1): the above analysis applies, mutatis mutandis, for the analogous 
estimates on L'/ := U^_':^ {]'.'- \ (C- n (U^I U U^, )))3z. 

For zeujl+i ((911^5^ U (?1U^_ )=:i:p^ (c£p, using the (2(N+1)) asymptotic (as n^co) estimates for 
uf,j(z) given in item (5) of Proposition 5.1, one gets that 

l|w+''(-)llr» (j:..5):=max sup |(ro^'''(z)),7| = 0{n~'^f{n)), 



zei:; 



r |ii;f-(z)||dz|= r |ii^^^"(z)||dz| 

1/2 



N+Y ^ „ Y 2 ' 

E + y (i(;f'=(z))iy(K;f-(z)),, 



|dz|. 
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whence, (cf . Lemma 4.5) using the fact that the respective factors y'^{z)±{y'^{z))~^ and d\±u'^{z)-^Q!'±di,) 
are uniformly bounded (with respect to z) in compact intervals outside open intervals surrounding 
the end-points of the support of the 'even' equilibrium measure, one arrives at 



= -E r 

= 0{n-'f{n)), 



\dz\ + 



j 



(z-aD3/2 



|dz| 



and, similarly. 



r |i(;f^(z)hdz| 



r ia^?(z)hdzi 

V ' 'V-i ' 



1/2 



(z))„K-(z)),,|dz| 



1/2 



f \3 



|dz| 



|dz| 



1/2 



= 0{n-'f{n)), 



where f{n) =„^oo 0(1). 

Recall that C^^j f:= C^(/rof^), where (C^g)(z) i^lim^'^z J;. ^ with -E;; shorthand for 'the 
- side of Ef,'. For the ||C°°^, IL, norm, one proceeds as follows: 



^11 r» m-) :=max sup|(C°°^. g)y;(z)| = max sup 

w ^° ■i'M2(C^h') j,l=l,2 w x° ' j,l=l,2 



lim r 

Z'—>Z lyf 



(^(s)a;+^(s));7 ds 



s-z' 27Ti 



< llg(-)llr" (f.^max sup 



lim r 



js)) jl ds 
s-z' 27Ti 



llg(-)ll 



^„ max sup 

zeZ' 



lim I + I +E I + I 



N+1/ ,^ ,o 

+ r r + r 



(Zi^+''(S));7 ds 



s-z' 27Ti 



II^OII 



max sup 



zeZf, 



r (6)(e-"--l-l/o.(n))),7 d^ 
^'^^vJzfW'- s-z' 27ii 



/ 



(O(e-*|-7o(«)));7 ds 



s-z' 



(C(e— '(-<)/,(n)))y, ds 



s-z' 



27ii 



(0(e— l^l/(«)))y, ds f (6)(e-"*l/(«))),, ds 



e;i s-z' 



ds_ r 

2ra^ L 



s-z' 



27Ti 



^ [ 9jr(s)(::)(9jr(s))-i 

n(s-z')(s-fc^_j)3/2G;; (s) 



ds_ 

27Ti 
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I 



O 



9jr(s)(::)(9jr(s))-i 

n(s-z')(s-flp3/2G:;,(s) 



ds_ 
2n\ 



whence, (cf . Lemma 4.5) using the fact that the respective factors y'^{z)±{']/{z))~^ and 6''{+if{z)-^Sy+dp) 
are uniformly bounded (with respect to z) in compact intervals outside open intervals surrounding 
the end-points of the support of the 'even' equilibrium measure, one arrives at, after a straightforward 
integration argument and an application of the Maximum Length (ML) Theorem, 



( f 
o 



fin)e- 



ndist(z, Zp^ 



+0 



fin)e-"' 
dist(z, Zp^ 



+ 



fin) 



n dist(z, Ep^ 



n->oa " -^M2(C)'- P'' 



where dist(z,Ep := inf ||z-r|; reE^, zeC \ Epj (> 0), and f{n) =„^oo 0{1), whence one obtains the 
asymptotic (as n —> oo) estimate for WC"^,. ^^^^ stated in the Proposition. Similarly, for WC^^. 



_|(C-^)(z)hdz| = \y{C-g)fl{z){C-,.g)jiz)m 

^ ) j,l=l 



1/2 



M' jj^i M 
( 



{g(s)iv^''{s))ji ds 
s-z' 2ni 



2 \ 



|dz| 



1/2 



'^^p /;/=i '^^p 



(mvMs))^ _ds_ 
s-z' 27ii 



2 N 



|dz| 



1/2 



r y lim r + r r r 

^ N+l( ^ n \ 

+ r +E r +r 



{w+'{s))ji ds 



2 



< II^OII 



•^M2(C)^^P 



/ 

ir 

N+l( „ 

E r 
/ 

JdTI 



-nco\s\- 



( 

r 2 






lim 

z'— *z 


/,/=i 




Mn)))ji ds 



S-Z' 



s-z' 27X1 

(0(e-'"=Mf^(n)))j, ds 
s-z' 2m 

(Q(e-"^.(-^-«P/,(n)))^, 
2 S-z' 27Ti 



(0(e-"*l/(«))),v ds f (0(e-"*l/(n)));7 ds 



s-z' 

f ( 

O 



2n\ 



L 



s-z' 



2Td 



9jr(s)(::)(a3r(s))-i 

n(s-z'){s-hl_;)^I^GUs) 



ds_ 

27Ti 



^ ir{s){::){ir{s))-^ 

n(s-z')(s-<)3/2G;(s) 









2 \ 




ds 




\dz\ 










2ni 




) ) 


1' ) 


J 


J 



1/2 



whence, (cf . Lemma 4.5) using the fact that the respective factors y'^{z)±(y'^{z)) ^ and 6''{+u'^{z)-^Cl'^±de) 
are uniformly boimded (with respect to z) in compact intervals outside open intervals surrounding 
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the end-points of the support of the 'even' equilibrium measure, one arrives at, after a straightforward 
integration argument and an application of the ML Theorem, 



l|C%. ^11^: 



iYf\ 11(5 V /II r2 (Yf\ 

M2{€r P' n—>ix ■^M2(C)^ 



< II^OII, 

fin) 



( ( 
O 



f{n)e- 



^ndist(z, Ep^ 



f{n)e-"' 
dist(z, Ep^ 



+ 



= \\g{-)h2 ,^.p{n-'f{n)), 



\nd\si{z, Epj^ 

where /(n) =„^oo whence one obtains the asymptotic (as n — > oo) estimate for ||C°°j., Ilj^ /f,) 
stated in the Proposition. The above analysis establishes the fact that, as « ^ oo, C^^,. e 3\f2(Ep, with 
operator norm ||C°°^, =ij^oo 0{n~^f{n)), where f{n) -„^aa 0(1); due to a well-known result for 

bounded linear operators in Hilbert space [105], it follows, thus, that (id-C°°^f [ ^2 exists, and 



^2 ,y\.^ can be inverted by a Neumann series (as n 00), with ||(id- )~^llT,r ^n^oo 



(l-||C>JU2(fp)"'=«-^(l)- 



Lemma 5.2. Set E^^ := Ef (= Up^^idUl^ U 5U^_ )) and E^ := E^ \ L'^, and let D^"" : C \ E^ ^ SL2(C) solve 

the (equivalent) RHP {^'^{z),v''^{z),Ty) formulated in Proposition 5.2 w/t/z integral representation given by 
Equation (5.1). Let the asymptotic (as n — > 00) estimates and bounds given in Propositions 5.1 and 5.2 be valid. 
Then, uniformly for compact subsets ofC \ E^Bz, 



■X: 



iv+''{s) ds 

S-Z 27Ti 



+0 



/(") 



n2 dist(z, Ep ^ 



where w^" (z) := (z) tz'" / fl'^d (/(")) 



,0(1),/,/ =1,2. 



Proof. Define E^ and E^ as in the Lemma, and write Ep = (E^ \ E^) U E'^ := E^ U E^ (with 
E^ n E'^ = 0). Recall, from Equation (5.1), the integral representation for S?'' : C \ Ep ^ SL2(C): 



T{z) 



-'4 



p^'^is)w^^is) ds ^^^.ye 

2m 



s-z 



Using the linearity property of the Cauchy integral operator C°°,, , one shows that C°°,, = C°°,, +C%, 
Via a repeated application of the second resolvent identity^^: 

iF3=(z) = I+((id-C"',,. r^C"'^. I)(z) = I+((id-C%, -C^. )"^(C" , +C°°,.)I)(z) 
= I+((id-C°°,.. -C%..)-iC"'.. I)(z)-F((id-0 -C%..)-^C'"^A){z) 
= I+(((id-C'"., )(id-(id-C°°.. )-iC°°.. ))"^C%, I)(z) 
+ (((id- C- . )(id- (id- C- , )-iC- , ))-C- . I)(z) 
= I+((id-(id-C°°.. )-iC"',. )"^(id+(id-C°°... )-iC%, )C%, I)(z) 
-h ((id-(id-C°°.. )-^C°°„. )-i(id+(id-C°°... )-iC°°,. )C°°.. I)(z) 
= I+((id-(id-C"'.. )-^C"^.)-\{id-C°^. )-iC%. )(C%, I))(z) 
-^((id-(id-C-,)-C-,,)-((id-C-.)-C-,)(C-.I))^ 
+ ((id-(id-C%. )-iC"'., )"'(C"',. I))(z)+((id-(id-C°°..)-iC°°,.. )-i(C"'.a))(z) 

n'~o u'""" El.) o w^' uro 10^' 

= I+((id+(id-(id-C°°„. y^id-C^^. )-iC"'^. )(C'"„. I))(z) 



"For general operators A and S, if (id-yi)"! and (id-3)-i exist, then (id-3)-i-(id-yi)'i =(id-3)-i(S-yi)(id-yi)"i [105]. 
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+ ((id+(id-(id-C°°.,.)"^C°°„. )-i(id-C°°,,. )"^C°°„. )(C"',,. I))(z) 

+ ((id+(id-(id-C"'„. )-iC'"„. )"^(id-C'"„. )-iC"'„. )(id-C"'„. T^C^^. (C°°,.. I))(z) 

iiro It'"" nro It'"" nro iy"0 ly o 

+ ((id+(id-(id-C"',,. )-^C%. )-\id-C%_,. )-^C%. ){id-C%_,. )-^C%. (C%. I))(z) 



I+(C- I)(z) + (C- I)(z)+((id-C- )-iC-'« I))(z) 

El' O I(J ■ 10 U W ^ W ^ 



+ ((id-C°°„. )-iC'"« (C%, I))(z)+((id-(id-C'"„. )-iC%. )-i(id-C°°„. )-iC 
x(C°°,, I))(z) + ((id- (id- C-)-iC- )-i(id-C-,)-iC- (C-.I))(z) 

a; O It? ■ El.) O If ■ 10 O If ■ 



+ ((id-(id-C%. )-iC^.. )-^(id-C%. )-iC^.. (id-C%. )-^C^.. (C^.. I))(z) 

h"o a;"" a"o a;"" a"o a;"o a;"o 

+ ((id-(id-C°°,. )-iC"'.. )-i(id-C"',. r^C°°^. (id-C",. )-iC"'.. (C°°^. I))(z) 
= I+(C%. I)(z) + (C"'.J)(z) + ((id-C"',. )-iC°°... (C°°., I))(z)+((id-C°°...)"^C°°... 

a"o ly-" a"o a;"o a;"o ly"" ly"" 

x(C"',.I))(z)+((id-(id-C°°,. )-i(id-C"'..)"^C°°.^ C°°,, )-i(id-C°°,. )-i(id-C°°.. )" 
xC... (C°°..I))(z) + ((id-(id-C"'...r^(id-C"'., r^C^. C°°,, T^ad-C.. 

H)"u ai~" a;-" a;"o a; o itT' iir^ 

x(id-C°°.. )-iC°°.. (C°°.. I))(z) + ((id-(id-C°°.. )-i(id-C%. )"^C'",. 

HI o IP-" W 'J w~'J w ' 10 " a! o 

X (id-C^... )-i(id-C%.. )-iC°°.. (id-C%. Y^C""^. (C^.. I))(z) + ((id-(id-C°°,.. )-i 

Hj-u ![)"■ a ai-" ai-" a;"" 

x(id-C°°,, )-iC"'.. C°°,.)-i(id-C°°,.)-i(id-C'",, )-iC°°.. (id-C°°.. T^C°^^ 
X {C- I))(z); 

hence, recalling the integral representation for "X^iz) given above, one arrives at, for C \ Ep9z 

Le s-z 2ra L. s-z 2ra ^ 

•^■^o k=l 

where ri;^^(z):=a;+^(z)tz'^, ^f+"(z):=zi'+''(z)rz'., 

r (C-,l)(s)i.fi(s) ds r 

Jl;; s-z 27Ti' ^' s-z 2ni 

((id-C-,, )-iC- , (C%. I))(s)u;f-(s) ds 

EC ■ lU ' If ■ 



^1 



^3 



s-z 27Ti 



(c-,i)(sK-(s) ds r (cyjmv^^s) d, 

n-- f ((id-(id-C"'«. )-i(id-C%, )-iC"',.. C°°... )-i(id-C"'«. )-\id-C'°^.)-^ 

^ a ~o a) ■ ni-" ly-o a "o a; ■ 

C%. (C%,I))(s)zi;f-(s) , 

a; O ■ Qh 



((id-C-, )-iC-. (C-. I))(s)zi;^-(s) , 

je j w o w u ZD o 

* ' S-Z 27Ti' 



s-z 27ii 



I^:= r((id-ad-C-.)-(id-C-,)-C-,C-.)-(id-C-.)-(id-C-,^ 
C-.(C%. I))(s)z^;f-(s) , 

Ey"B 7,i-o U.D 



s-z 2711 



K:= r ((id-(id-C"'«. )-i(id-C°°., )-iC°°,,. C"",, )-i(id-C°°„. )-i(id-C°°,. 
C-., (id-C-„,)"'C°°,.(C°°„,I))(s)z(;f*(s) , 

7/rCJ If""" TV-' Ef~" U.D 



X. 



s-z 27ii' 
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C'"^ (id-C°°„, )-iC°°,, (C°°„, l)){s)zv.''{s) 

ip'o ZD o nro 

S-Z 



ds_ 
2ni 



One now proceeds to estimate, as n ^ oo, the respective terms on the right-hand side of Equation (5.2) 
using the estimates and bounds given in Propositions 5.1 and 5.2. 



r r^f-(s) ds ^ r 

L s-z ln\ ^ L 



Nf-(s)| |ds|^ ll^^'^-)lk,(c,g.) ^ ^ 



]ys |s-z| 27Z 271 dist(z, E^) «- 



/(n)e- 



ndist(z, 



where, here and below, (/(n) > and) /(«) =,,^00 ^5(1) and c> 0. One estimates Ifj as follows: 



r 



|(C-J)(s)||z.f-(s)| ll(C-J)(-)IU^^^^^(5;pl|t."^-)ll^.„^^^,(fp 



s-z 



271 



271 dist(z, Ep) 



const. ||z.f-(.)|lx^^,^,(i:;)(ll<"(-)llx^,„(zy + ll«^f-(-)llx^„,„(i:;)) 



/(n)e- 



Vm dist(z, Ep) ^ 



271 dist(z, Ep 



/(«)\ , J/(«)e 



CI 



^ o 



f{n)e-"' 
ndist(z,Ep^ 



where, here and below, const, denotes some positive, 0(1) constant; in going from the second line to 
the third line in the above asymptotic (as n — » 00) estimation for Jj, one uses the fact that, for a,b>0, 

V?+^< V?+ (a fact used repeatedly below). One estimates I2 as follows: 



|(C-. I)(s)||a;^'-(s)| I , , ll(C-, I)(-)ll^z (5;..)l|K^^(-)llx^ (f. 



z;; ls-z| 27Tdist(z,Ep 

const. ||z.^(Ollx^„,,,,(Ey(ll«^^(Ollx^,„(z',) + ll^^f-(-)llx^,,,(z;)) 



27Z 



< (9 



/(«) 



6)| 



^ndist(z,Ep^ 



271 dist(z, Ep 
fin)\ J me 



+0\ 



( 



^ O 

II— *co 



/(") 



dist(z, Ep^ 



One estimates Ij as follows: 



|((id-C- . )-iC- . (C- . I))(s)||zi;?«(s)| Ids 



s-z 



271 



||((id-C-.)-'C-,(C-„,I))(-)ll^. ,^..\\iv':H-)\\j^. ^ 



27T dist(z, Ep 



||(id-C-.,)-i| 



n,(Z')IIC!!e'.IU2(i:') 



ll(C",, i)(-)ll 



/■2 cy-e > 



l|w^f"(-)ll 



271 dist(z, Ep 



27Z dist(z, Ep 
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using the fact that (cf. Proposition 5.2) IKid-C^j.,, ) ^llj^^jff) -n^ca 0{1) (via a Neuman series inversion 
argument, since \\C°°^, llj^^p.^ =n^oo<5(n~^/(n)e~"'^)), one gets that 



m ^ o 



me- 



n dist(z, Ep) ^ 



< O 

n—^oa 



f{n)e-"' 
(^n2dist(z,EpJ 



One estimates as follows: 



|((id-C-'„, )-iC%. (C-„, I))(s)||i<;^(s)| I , I 

2^ 



||((id-C-, )-iC-, (C%, I))(-)ll , 



,, ,,llr2 /vsj|li'+^ (Oil r2 Cn\ 



27T dist(z, Zp 

||(id-C-., )-l||j, .^,J|C%. lU ,f,JI(C%. I)(-)llx. (fnll«^?(-)llx^ (f..) 

27Tdist(z,Lp 
constJ(id-C-J-^||,,^(,.,||C-,J|^^(,.^^ 
271 dist(z, 



x(ll^f"(-)llx-^,,(.-)+ll-"-(-)llx^,,(.;)); 



using the fact that (cf. Proposition 5.2) ||(id-C°°,j ) ^IL, .y^. =n^ooO{l) (via a Neuman series inversion 
argument, since ||C°°^, =n^c<,0{n~'^f{n))), one gets that 



( 



< o 



fin) 



^ndist(z, 



/(«) 



dist(z, Zp^ 



One estimates as follows: 



r |((id-(id-C™.. )-i(id-C°°,,)"'C°°,.C%. )-i(id-C™,. )-i(id-C°°,. )"' 
(C-J))(s)||ri;f-(s)| 

10 o 10 ■ |U-S 



ls| 

|s-z| In 

-~<ca \~1 /CjJ /^cx) \ — 1 ^oo ^co \~1 /i j-1 /^cx] \— 1 / 



CO \ — 1 



< ||((id-(id-C'"„. )-^(id-C'"„. )-X'"„. C^. )-^(id-C'"„. )-^(id-C"'„. ) 

(C- J))(-)ll^2 (£.)lki^f^(-)llx^ (fn 
2ndist(z,Ep 

< ||(id-(id-C°°,. )-Hid-C°°., )"'C%.. C°°., )-i|L,j.J|(id-C°°... )-i|L,j.. 

||(id-C-,)-l||3^,£.,J|C-.. \\^,^J\{C'-,A){■)\\^^ il4\w:^{-)\\j. (f.) 
X — 

In dist(z, Zp 

<ll(id-(id-c-,j-(id-c-,)-ic-,.c-.)-IU^(,.^^ 

X const. ||(id-C-,.)-i|U^(j.,||C-. ll^,(fpll^^^-(-)llx^,,P.) 



-M2(C)"'' 



2?: dist(z, Zp 
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using the fact that (cf. Proposition 5.2) ||(id- (id- )-Hid-C%, Y^C",, =„^o<, 0{l) 

W O 10^* lit' w O ^^21^,,; 

(via a Neuman series inversion argument, since ||C%, Wy^^iic-^ =n^oo 0{n~^f{n)e~"'^) and \\C°°^, 



0{n ^f(n))), one gets that 



( 



\r,\ < o 



fin) 



n dist(z, Ep ^ 



Oi 



f{n)e-"'\IJnn)\ J f{n)e 



01 



+0i 



< O 



f{n)e-"' 
|^M2dist(z,Zpj 



One estimates 1^ as follows: 



\rA < r |((id-(id-C°°„. )-i(id-C%. )-iC°°« C°°« )-i(id-C%. )-i(id-C%. 



C°°,.(C°°,. l))(s)||u;^-(s)| I 

If ■ a; o |CIS| 

|s-z| 2n 



< ||((id-(id-C%.)"^(id-C°°^. )"^C"'^.- C,. )"^(id-C%. )"^(id-C'"^, 



(C-,, I))(-)ll^. (£.JK^(-)llx2 (fn 



271 dist(z, Zp 

-■CO \ — 1 /; J ^CO \ — 1/^CX3 ^OO \— 111 



< ii(id-(id-c°°,.)-^(id-c'"„. )-'c^„. c^„.r% ,^j\{id-c^^,.r\^ 

||(id-C-. )-l|U,(fnllC^..-IU,(I.-)ll(C°°.. ,i..\\w':-{-)\\^2 ,1.. 



2n dist(z, Zp 



< ll(id-(id-c-j-i(id-c-j-ic-,c-j-i|u^(£ ||(id-C-,.)-i||3,^(£^^^ 



X const. ll(id-C-,^)-i||^^(^pl|C-. ||3,^(^.)||z.,-(.)|lx^ 



M2(C)"' O 



■M2(C)^' 



2n dist(z, Zp 



using the fact that (cf. Proposition 5.2) ||(id- (id- )-i(id-C%, )-^C%, )"! 
(via a Neuman series inversion argument, since \\C°°^, IL, ,y,s =mcx, (9(n~^/(n)e~"'^) and ||C°°„ 



'W2K: 



=«^oo 0(1) 



0{n one gets that 



,/L"^2(i:;;) 



1^1 < O 



/(n)e- 



^Mdist(z, Zp^ 



o 



+01 



f{n)e- 



dist(z, Zp^ 



One estimates 1^, succinctly, as follows: 



'CO \— 1 



\n < |((id-(id-C°°„. )-^(id-C°°,. )-^C°°,„ )-^(id-C°°„. )-^(id-C°°,„ ) 



(id-C%J-iC-..(C- J))(s)||z(;"-(s)| I , I 

|s-z| In 
||(id-(id-C%,. )-i(id-C°°,, )-iC°°,., C°°„, )-i||^,j,J|(id-C«'„, )-i| 

a; o If ■ a' ■ iy"o ■'^2^^p; 



27Z dist(z, Zp 

X ||(id-C^„_) i||j^^(jp||C^,.^||3^^(jp||(id-C^,._) ^IU2(E;;)ll'^"^'.ll?^2(fp 



using the fact that (established above) ||(id-(id-C°°,, )-i(id-C%.. )-iC%, C%, )-^\\^ ,y,. =„^c«(5(l), one 

a)"o ID ■ a; ■ a)"o -'^2^2.p; 
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gets that 



m < o 



fin) 



n dist(z, Zp J 



/(n)e-"- W/(n)e 



( 



/(n)e- 



dist(z, Zp^ 



One estimates li, succinctly, as follows: 



17^1 < r Klid-ad-C"., )-i(id-C"',. )-^C°^, C""., )-i(id-C%, )-i(id-C°°,. 



C-.(id-C-.. )-iC-.. (C-,. I))(s)||<-(s)| I 

|s-z| 2n 
||(id-(id-C™., )-i(id-C-,. )-iC-„, ,£,J|(id-C«',, )-i| 



2n dist(z, Zp 

X ||(id-C^^^.^) ^||3^^(jp||C^^,Jl3^^(jp||(id-C^^^,^) ^IU,(fpllC^E'^|l3^^(jp 
xconstJz.f-(Ollx^^^^^(z.^)(||zi;f-(Ollx^,,,(z;) + ll^'WOIIx^^,,,(^^^ 

using the fact that (established above) ||(id-(id-C°°„. )-i(id-C™ „ )-'^C°°„. C°°„. )-^^ =„^^ 
gets that 



0(1), one 



K\ ^ o 



^ o 

n—fco 



f{n)e- 



,"dist(z, Ep^ 
fin)e-"' 



l^n4dist(z,Epj 

Gathering the above-derived bounds, one arrives at the result stated in the Lemma. □ 

Lemma 5.3. Let Jl'':C\ Ej; ->SL2(C) be the solution of the RHP {Ji'{z),v'^{z),Yf^) formulated in Proposi- 
tion 5.2 with then—^oo integral representation given in Lemma 5.2. Then, uniformly for compact subsets of 
C\E;9z, 



3l^(z) = i+^3il(z)-3il{z))+ol^-^], 
H^oo ' \ n^ j 



where 3?^(z) is defined in Theorem 2.3.1, Equations (2.23)-(2.57), 3J^(z) is defined in Theorem 2.3.1, Equa- 
tions (2.14)-(2.20) and (2.70)-(2.74), and f{z;n), where the n-dependence arises due to the n-dependence of 
the associated Riemann theta functions, is a bounded (with respect to z and n), GL2{C)-valued function which 
is analytic (with respect to z)for z e C \ Ep and (/(•; «))« =n^oa 0(1), k,l = l, 2. 

Remark 5.1. Note from the formulation of Lemma 5.3 above that (cf. Theorem 2.3.1, Equations 
(2.24)-(2.27)), for 7 = 1, . . . , N+ 1, tr(yi''(flp) = tr{A'(¥._^)) = tr(S''(flp) = trCB'(¥._^)) = 0. ■ 

Proof. Recall the integral representation for 3?'^ : C \ Ep ^ SL2(C) given in Lemma 5.2: 



T(z) = 1+ 



r w^^(s) ds 

L s-z 2ni 



+0 



fin) 



l^n2dist(z,EpJ 



zeC\Ep 



where L'^ := uJJ-^^dUl^^ U dU^ ), and (f(n))ki =„^c<, 0(1), k,l = l, 2. Recalling that the radii of the open 
discs TU^ , , 7 = 1, . . . , N + 1, are chosen, amongst other factors (cf. Lemmas 4.6 and 4.7), so that 
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U^^ n lUg =<Zi, i,k = l, ... ,N follows from the above integral representation that 

/-I k 



i-E^ +(f) 



wl'^is) ds 



s-z 27ii 



/(«) 



, 2eC\E;, 



l^M2dist(z,Epj 

where j^^j^, , j^^^j^, , = 1, . . . , N + 1, are counter-clockwise-oriented, closed (contour) integrals (Fig- 

ure 10) about the end-points of the support of the 'even' equilibrium measure, The 
evaluation of these 2(N+1) contour integrals requires the application of the Cauchy and Residue The- 
orems; and, since the evaluation of the respective integrals entails analogous calculations, consider, 
say, and without loss of generality, the evaluation of the integrals about the right-most end-points fl^, 
j-l,. . .,N, namely: 



M N. 

S-Z 27Z1 



Recalling from Lemma 4.7 that ^'„. (z) = {z- a'^^'^Gl. (z), zeU^ \ (-co, ap, ; = 1, . . . , N, it follows from 
item (5) of Proposition 5.1 that, since zu_^^{z) = v'ij^{z)-l, 



zv^-{z) 



n—fco 



inCY 



+ 



— — 9jr(z)/f.(n)(ar(z))-i 

n^{z-a'p^{Gl.{z)Y ' 



, i=l,-.-,N, 



where '3Jf'^(z) and are defined in Lemma 4.5, and {fl(n))ki=n^coO(l), k, I = 1,2. A matrix-multiplic- 



+(si+fi) ±i(si-fi)e ' 



ation argument shows that 3)1 (z) " (Sf (z))"^ is given by 

' ±i(si-<i)e ' ±(si+ti) 



+ i(Sl + fl)(^W^f'"ll(z)'^22(z) 

^i(si-fi)(«?i^(z)m^,(z). 



inLY- 



inLY. 



±i(si + fi)(^^)m^i(z)rn^2(z) 
.i(s.-^:)(^f(m^,(z))V-5 



m;Jz))^e 



2 



:i(si + ti)(^^)m^n(zK2(2) 



^e ' 



:i(si-h)(^) (in^„(z)y 



±i(si-fi)i 



i) (m^^,(z))2e-"'"5 



<i(z)m^,(z) 



±l{si + h)[^^^^Jm\^(z)ml^iz) 

:i(si-fi)(«;iyn(^)'"2i(2)e"'' 
i(si -fi)(^^(^yi2(z)m^2(2)e"'"' 



where sj and fi are given in Theorem 2.3.1, Equations (2.28), y''{z) is defined in Lemma 4.4, and 
mlj{z), k,l = 1,2, are defined in Theorem 2.3.1, Equations (2.17)-(2.20). Recall that, for j = 1,...,N, 
= Yji^^i c'-'^_{Re(z))~^^^z^~'^ dz, where c'^.^,, A: = 1, . . . , N, are obtained from Equations (El) and (E2), and 



CO' 



(the multi-valued fimction) (Re(z)y/^ is defined in Theorem 2.3.1, Equation (2.8). One shows that 



z— >n. 



(f.(«p)-' 

ylz-a'. 



(p?„(«P + q?„(flp(z-flp+rf„(flp(2-flp2+6)((z-flp3))dz, m = l N, 
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where 



W^) = (-i) 



^ k=i i=j+i 

Jc=l (c=l ^ ''^^^'^ ' 



1/2 



with(-l)-~+^lf,(flp>0, 



yl^ 1_\ J_ 1 1 



k=l 



{a-bir (£-^^02 i^-a'LA^ 



N+1' 
\2 



Recall (cf. Lemma 4.5), also, that u"^ = H co'^ (e Jac(J/e)), where = denotes congruence modulo the 
period lattice, with o)'^ := (o;^, • ■ ■ , cu^); hence, via the above expansion (as z — > oj', i = l,...,N) for 
a)f„, m = 1, . . . , N, one arrives at 



' ;=1 N -' ' ' 

From the definition of m^j(z), k,l = l, 1, given in Theorem 2.3.1, Equations (2.17)-(2.20), the definition 
of the 'even' Riemann theta function given by Equation (2.1), and recalling that iny(z), k,l = l, 2, satisfy 
the jump relation (cf. Lemma 4.5) in!^(z) = nt^L(z)(exp(-inQpcr_+exp(i«Qpff+), via the above asymptotic 

expansion (as z ^ oj', ; = 1, . . . , N) for a)1„, m = l, . . . ,N, one arrives at 

m\,{z) ^=^^,x^i(flp(l+iN|(flp(z-flpi^2+l|(flp(z-flp+iD|(flp(z-flp3/2+3i(„p(2-flp2 



2rf„(«9 



J 

j=l N 

+ 



I 

j^l N 

+ 



0((z-flp5/2))exp(inQ^), 

nt^,(z) ^=^,X^(flp(l + iSii(flp(z-flpl/2 + ^l^(^p(2_^p + i3l^(^p(2_^p3/2^3l^(^p(^_^p2 



j=l N 

+ 



0{{z-af^)), 

m^2(z)^=^,4(«p(i-i^:i(«p(z-«p'^'+Tl(flp(z-flp-i3:i(ap(z-«p='^'+3:l(flp(z-«p2 



/ 

j^l N 

+ 



0((z-flp5/2))exp(inQ^), 
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where, for ei,e2 = ±l, 



ff{u%{^)-^a-+d,)e\u%{^)+d,)' 

ff{-u%{^)-de)ff{u%{^)-^d'~d,) 

e''(-uiM-^o''-dmum~d,y 



2r!" 

2 



D^(ei,£-2,0;5) t)^(ei,e2,Q';«) / u^(ei, £2, 0; £) 



u''(£i,£2,0;^)u''(£i,e2,O';^) 



n^w.n- tO^(£l^£2,0;^) XP^(£i,£2,Q^;^) 2ll^(£l,£2,0;^K(£i,£2,0;5) 



0"(£l<(«) + £2d.) 0"(£lMt(4)-^Q^ + £2d.) (0^(£iU';(^) + £2d.))2 

D"(£i,£2,0;4)u''(£i,£2,Q'';.^) / u-(£i,£2,0;^) \' 

0^(£lMt («) + £2de)e\£xU% (■£) - 2^^^' + £2^.) ^ \ 0'(£l"t («) + £'2^.) j 
U^(£l,£2,0;4)D"(£l.£2,Q'';^) (tf(£l,£2,0;4))' 

0^(£iMt(«) + £2d.)0"(£i«';(-£)-2^Q' + £2d.) (0^(£iM^+(5) + £2d.))2 

lf(£l,£2,Q";^) 

^ 0^(£iMt(«)-^Q' + £2d.)' 

3.,... ^ _ 3^(£i,£2,0;4) ^ 3^(£i,£2,Q^;g) / D^'(£i.£2,0;4) ' 
0^(£i<(«) + £2d.) 0^(£i<(5)-^Q^+£2d,) U'(ei<(-S)+£2d,) 
D''(£i, £2, 0; ^)t)^(£i, £2, Q'; 5) 2u^(£i, £2, 0; £2, 0; ^) 



0^(£l<(5) + £2d,)0^(£lM^^(5)-^Q^ + £2d.) (0^(£i<(.^) + £24))2 

g)'^(£i, £2, 0; £)u''(£i, £2, Q^; ^) ^ 3(u"(£i, £2, 0; ti, 0; I) 

^ e''(£lt<t(5) + £2d.)0"(£lM';(4)-^Q'+£2d.) (0^(£l«^^(£) + £2d.))3 

^ u^'(£i.£2,0;gK(£i.£2,Q'';^) / ii^(£i,£2,0;g) \' 

e\ExU%{l) + £2de)B\ExU%{i,)-^QL' + Z2de)\e\ExU%{l) + £2de)] 



2u^(£i, £2, 0; 5)D"(£i, £2, 0; 5)u^(£i, £2, Q''; I) (u"(£i, £2, 0; 5)) 



2 



(0^(£lM^^(5) + £2d,))20^(£l«^+(5)-^Q^ + £24) (0^(£lUU5) + £2d.))2 

c''(£i, £2, Q^; 5) (u''(£i, £2, 0; i,))H'{ex, £2, Q"; 5) 



0^(£l«^^(^)-^Q'+£2d.) (0^(£i«^^(5) + £2d.))3e^(£l<(5)-^Q" + £2d,)' 

withO:=(0,0,...,0)T (eR^), 

u"(£i, £2, Q'; £) -27iaJ(£i, £2, Q''; I), D-^lfi, £2, Q'; £) ■- -27i2Ao(£i, £2, Q''; 5), 

tD^(£i, £2, Q^; 4) :=27i|a;(£i, £2, Q^; 5)- ^Ao(£i, £2, Q'; 5)) , 

f (£1, £2, Q^; 1) := -(27i)2|a| (£1, £2, Q^; 4) - y Ao(£i, £2, CI'; «)) , 

aJ(£i,£2,Q'';£)= (r,(4))^M5,(<E))^^ g27zi(™,£i«';«)-^Q'+£z4)+ra(m,T'»0^ 

2(m^±^ 2(m^±^ 
Recall the definition of 7*^(2) given in Lemma 4.4: a careful analysis of the branch cuts shows that. 
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iov j = l,...,N, 



(/(z))2 



1/2 



zeC± 



(Q^(«p+Q^i(flp(2-«p+5Q^(«p(z-«p'+^5((z-flp3)) 
Vz-fl*: 



where QQ(fly), Qj(flp/ j ■ ■ ■ ,N, are given in Theorem 2.3.1, Equations (2.35) and (2.36), and 



Q2(»;) = -tQ'„(«;) 



- -,(fl':-bn2 (fl':-<)2 



+ 7Qo(«;) 



ti^ 

k=\\ 1 k ] kj 



\2 



1 1 
- + ■ 



; ; N+1 / / 



, i=i,...,N. 



Recall the above formula for SIf (z) 



' |(»r(z))-i. Substituting the above ex- 

±i(si-ti)e ' ±(si+fi) 



pansions (as z — > o^, y = 1,...,N) into this formula, equating coefficients of like powers of (z- 
flp~P^2(MG3 (z))~^, V ^ (4/ 3, 2, 1, 0}, and considering, say, the (1 l)-element of the resulting (asymptotic) 

(n2(z-fl'^)^(Ga^(z))2)~^93{ (z)/J^(n)(9Jt (z))~^ J (modulo 

a minus sign, this result is equally appHcable to the (2 2)-element, since tr(if^^(z)) = 0), upon setting, 
for economy of notation, Q^,(flp =: Q,, q = Q,l, 2, x^,(flp x';, X^(flp =: K\{a'j) =: =: X^, 

□^>(flp=:3^>,and]^J(flp=:]^- 



-2 intr \ 

^e ' ' 



«g;;,(z) 



«g;.(z) 



(Si + fi)x';K^Qo (Si + ti)x!|X^Qo (Si-fi)K'jX^Qo {Sl-ti)K\K\Qo 

4 4 4 4 ' 

i(si + fi)x';x^Qo(Nj-K:j) i(si+fi)x^;x^Qo(Nij-N-i) 



i(si-ti)x';x^Qo(Ki^+K|) i(si-fi)x^^x^Qo(N:J+N-i) 



{Si + ti)K\K\ (Si + ti)x!;X^ 



(z-flp-^ e 
«G;.(z) 



(z-flp 



e ' 



nGUz) 



4Qo 
(si + ti)x!;x^ 

(Si-fi)x'jX^ 



- — f^(Qi+Qo(ti+v+^r'^-i)) 

(Si-fOxljX^ 



(Qi+Qo(nii+nl-NjNii))+ 



4Qo 



i(si+h)x'jX^ 



i(si+fi)XjX^ 



i(si+fi)x';x^ 



(Qi(Nl-N:i)+Qo(3l-3:l+NiTj-N:jnj)) 
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4Qo V i -i/ 2 



+ i(^i - ^^^^ ^^^^ _ i(s: - ^Qx- 4 ^ 



e ' 



4Qo ^ -1 1^ 4Qo 



44 



(Si + ti)x"jX^ 



(Qo(3ii+3ii+Vti+Nii2ii+Ni,D-i) + lQ2 



,v {Si+ti)KiK', 1111 ix i(Si + ti)XiX^ 

-Qi(Qo)->^^^^(ti+V+^r'^-i-Qi(Qor')-^ — 
+ — ia — P-i+^i-^i^-i-Qi(Qo) r — — ' ^ 

-N-iN:|-Qi(Qo)-i). 



Repeating the above analysis, mutatis mutandis, for the (1 2)- and (2 l)-elements, substituting Nj ^ = Kj, 

= ^li. "T^ = ""I' ^~-\ = '^-v = ^l' ^-l = ^-1' = ^1' ^i^'i = ^-1 into the above (and resulting) 
'coefficient equations', and simplifying, one shows that: (i) the coefficients of the terms that are 
Oiiz-a'yP^^nGliz))-'^ exp(inO':)), p = 1, 3, are equal to zero; and (ii) recalling from Lemma 4.7 that, for 

z&Ul \ (-(X,, a% i = l,...,N, GUz) =,^,.ao+ai{z-a])+a2{z-af+0iiz-af), where ao =5^0^) '= 

ai = ^{a'l) ■- and 02 = t?2(«/) '~ f/"(«;)' with f{a'.), f'{a'.), and /"{a'.) given in Lemma 4.7, 

substituting the expansion for (z) (as z^ a^., j = \, . . . ,'N) into the remaining non-zero coefficient 
equations, collecting coefficients of like powers of (z-ap-P, p = 0, 1, 2, and continuing, analytically, the 
resulting (rational) expressions to 5U'^ , j - 1, . . . ,N, one arrives at, after a lengthy calculation and 

reinserting explicit fl'j, = 1, . . . , N, dependencies. 



it;,^(z) = - 



iC yi^(flp {'B^^)al(a^:)-A%a^.)a{{ap 



S^o(flp(z-flp2 



S^o(flp)2(z-flp 



(5^o(«;))' 
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+ O 



1 °° 



V k=l 



+0 



arr(z)/;.(n)C3jr(z))-i 



(5.3) 



where A'{a'^, "B'ia''.), ] = !,..., N, are defined in Theorem 2.3.1, Equations (2.25), (2.27), (2.28), (2.35)- 
(2.45), (2.49), (2.56), and (2.57), 



e^(ap 

iniY- 



x^,(flpx^(flp(-sijQ^(ap[3ij(flp 
+ 3j(flp + nJ(«plij(flp] + Q^j(flp 

x[il(flp+nli(flp]+|Q^(flp 

+ (Q^(«p)-'Nj(flpNij(flpj 

-fijQ^o(«p[^-i(«P^|(«;) 
+ N|(flpDij(flp] + (Q^o(«p)-i 

[nij(ap + nJ(flp-Q^j(flp(Q^(flp)-i] 

+ Q^j(flpNj(flpKii(flpj 

+ i(si+h)j2ii(flp+Nii(flpn|(flp 

-□J(flp-Nj(flpnl,(flp}) 



(x^i(flp)2(isijQ^o(ap[23j(flp 

+ (nj(flp)2]+2Q^^(flpnj(flp 
-(Q^o(«p)"'(^i(flp)'+2Q^(«p| 

+ iti{2Q^o(flpNi(«pDj(flp 
+ Q^j(flp(Nj(flp)2 + (Q^o(flp)-i 
x[Q^i(ap(Q^(flp)-^-21J(flp]} 
-2(si-ti){2|(flp+Nj(flplJ(flp}) 



(x^(flp)2(isijQ^o(flp[23ij(flp 
+ (nii(flp)']+2Q';(flp1ii(flp 
-(Q^(flp)-HNli(flp)2 + iQ^(flp} 
+ ifij2Q^o(flpNl^(flp3lj(flp 
+ Q^i(«p(Nii(ap)V(Q^(flp)-i 

x[Q^i(ap(Q^o(«;))"'-21ii(ap]) 
■2(si-fi)j2ii(flp + Nij(flpiij(flpj) 



X 



^j(flpx^(flp(sijQ^o(flp[3i,(flp 
3j(flp+li(flpni,(flp] + Q«j(flp 

[n|(flp+iij(flp]+iQ^2K) 

+ (Q^o(«;))"'^^l(«P^ii(«y)} 
+ fi|Q^(«p[Nii(flp3l(flp 
+ Nj(flp3ij(flp] + (Q^(flp)-i 

[nl,(flp+nj(flp-Q^,(flp(Q^o(flp)-i] 

+ Q';(flpNj(flpNij(flp} 
+ i(si + fi)jJl(flp+Sj(flplij(flp 

-□iJ(flp-KlJ(flpll(flp}) 



(with tr(e"(flp) = 0), and (/^(«)),; =„^oo 0(1), A: e N, z, ; = 1, 2. (The expression for Q^a'^) is necessary for 
obtaining asymptotics at the end-points i^Jyl^j/ as well as for Remark 5.2 below.) Returning to the 

counter-clockwise-oriented integrals 
Theorems, that, for j=l, . . . ,N, 



W ^ fs) rl ' 

z e C \ Yy, it follows, via the Residue and Cauchy 



w^"{s) ds 

S-Z 27Ti H- 



yi^(flp 



23"(«P 
«(z-flp2 n(z-ap 

^'(«p 



+0 



nz;n) 



zeC\(U^^ U^U^ ), 



S'^(flp 



3?;(z) 



n(z-flp2 n(z-ap 



+0 



f(z;n) 



zeU' 



6«,' 



where yi''(flp := (a|^(flp)-U''(flp, S''(flp := (a^(flp)-2(S'^(flpa^(flp-yi''(flpS;(flp), 3^^(z) is given in The- 
orem 2.3.1, Equations (2.73) and (2.74), and /""(z; n), where the n-dependence arises due to the n- 
dependence of the associated Riemann theta functions, denotes some bounded (with respect to both 
z and n), analytic (for C \ Ep 3z), GL2(C)-valued function for which (f''{z;n))ki =„^oo 0(1), k,l = 1,2. 

Repeating the above analysis for the remaining end-points of the support of the 'even' equilibrium 
measure, that is, {b^, . . . , one arrives at the result stated in the Lemma. □ 

Remark 5.2. A brisk perusing of the asymptotic (as n^co) result for 3?'^(z) stated in Lemma 5.3 seems 
to imply that, at first glance, there are second-order poles at {fo^_j,flppj^; however, this is not the case. 
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As the proof of Lemma 5.3 demonstrates (cf . the analysis leading up to Equations (5.3)), Laurent series 
expansions about show that, as n— > oo, all expansions are, indeed, analytic; in particular: 

(i) for z e , / = 1, . . . , N+ 1 (all contour integrals are counter-clockwise oriented). 



§ 

JdV' 



iJl'^js) ds 
s-z 2n\ 



«(?o(flp)2 



k=l 



{f{z;n)'\ 



where, for / = 1,...,N, A''{a''.), 23'' (ap, G''{a''.), a^(flp, «^(fly), and a|(flp are given in (the proof of) 
Lemma 5.3, ■/l''(n^+i), ®''(«n+i) S^^^^ Theorem 2.3.1, Equations (2.25), (2.27), (2.28), (2.31), 
(2.32), (2.37)-(2.45), (2.47), (2.52), and (2.53), ^^^(fl^^^) |/(fl^,i), ^[{a'^^,) := If'K^,), and S|(fl^^i) - 
'^i* fK+i>' /'(^N+i)' ^'^'^ f'^^N+i) gi'^^" Lemma 4.7, e'"(fl^^^) is given by the same 
expression as G%a''.) above subject to the modifications C: — > 0, a*^ — Q'^ia'^) Qo(^n+i)' Q'l ~* 
Q^j(fl^^j), with Q^(fl^^i), 01(0^^1) given in Theorem 2.3.1, Equations (2.31) and (2.32), and Q^(flp ^ 
Q2(^N+i)' where 



y^2 f^e -a<'~)2 



2 



N+1 "jc "n+1 ")c/ "n+1 "^0^ 



f{z;n) is characterised completely at the end of the proof of Lemma 5.3, and {ff^'{n)\h =n->co 0{1), 
fceN,Zi,/2 = l,2;and(ii)forzeU^ ,7 = 0,...,N, 



JdV 



iv^^'is) ds 



s—z 2ni n^oo 



«(?o(^;))' 



1 °° 6'' 
Jr=l 



^f'(z;«) 



where, for j = l,...,N+l, A'{V._.^), are given in Theorem 2.3.1, Equations (2.24), (2.26), (2.28), 

(2.29), (2.30), (2.33), (2.34), (2.37)-(2.45), (2.46), (2.48), (2.50), (2.51), (2.54), and {155), -^^{by^)-- |/(b^_i), 
:= y'{h)_,), and a^^ib^^) := ^^f"{b)_,), with f{V._^), f'{by, and f"{V._^) given in Lemma 4.6, 
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for; = l,...,N, 



iriLY- 



-(Q^o(^;))"'(Ql(^;))' + 5Q2(^;)(Qo(^;))"' 



+ ! 



(K^i(!;p)2(isijQ^(f;p(Ni(i^p)2-(Q^(Z,p)-3 
X {Q',{b)))-^1\ {V.) - iQlibp' [2]i (bp 

xj3|(bp+N|(bpnj(&pj) 



x(Q^(bp)-2nij(bp-(Q^(&p)-i[23i^(bp 

+ Q^i(^'p(Q^(Z'p)-'(Nii(bp)^-2(Q^(l;p)-i 
xNii(^'p2ii(bp|-2(si-ti) 
xj3i,(bp+Si,(bplij(bp}) 



X^,(bp4(^p(si|Qo(^;)^^l(^;)^-l(^y) 

+ (Q^(^'p)-'(Q^i(bp)'- iQ^C^'pCQ^C^'p)-' 

-Q\iVj){Qi{bp^[-^l{bpr,{v^] 

+ h[Ql{bpQl{t])[ll,{bpil{¥.)] 
-Q{ib'j){Ql{bp^^l{bp\{bp{Ql{bp' 

x[i<\{bpl^{¥pi<\{bp\{V.)]} 

i(si+fi)[D|(bp-Nij(bplJ(bp 



+ 1 



(with tr(e''(&':)) = 0), where Q'^ib'), QliV.) are given in Theorem 2.3.1, Equations (2.33) and (2.34), 



1 



N 

]^^[{V~bir (byalY)' {¥.-blf {b^-al,^,r {V-af 



\2 



L 

k=l 

yk^j 



\ ] k 1 kj 



C''(fog) is given by the same expression as Q'^Qj") above subject to the modifications 0"^ —^0,V-^ V^, 
Q'oiVj) -> Q'oibl), Q\iVj) ^ Q^i(f^^), withQ^(b^), Q{{bl) given in Theorem 2.3.1, Equations (229) and (2.30), 
and Q^(&p^Q^(b;;), where 



m) = 4Q;w)(E(^ 



y k=l ^0 * k/ N+1 ^ 



and(/'-'(n)),, 



h ~n- 



3 0(l),; = l,...,N+l,fceN, /i,/2 = l,2. 



Re-tracing the finite sequence of RHP transformations (all of which are invertible) and definitions, 
namely, 3?''(z) (Lemmas 5.3 and 4.8) and S^(z) (Lemma 4.8) ^ X'iz) (Lemmas 4.6 and 4.7) -> nf°{z) 

p J f> e 

(Lemma 4.5) -> M (z) (Lemma 4.2) -> M(z) (Lemma 4.1) Y(z) (Lemma 3.4), the asymptotic (as 

c ~ 

n — > oo) solution of the original RHPl, that is, (Y(z), I+exp(-ny(z))cr+, R), in the various bounded and 
unbounded regions (Figure 7), is given by: 
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(1) forzeT!; UT^, 

where ^{z), ip'^iz), 4, m°°(z), and 31'' (z) are given in Lemmas 3.4, 3.5, 3.6, 4.5, and 5.3, respectively; 

(2) forzeY'j, 

Y(z) = e^ ^'*(''3)D?'(z)m"'(z)^I+e"*"™r""' '/''i.Wds a_ je"^^''^^'^i i"(-^)'/''v('')'is)"3 . 

(3) forzeT^, 

(4) for ze (Q;-^!^ U Q^^*^) U (Q^'/ U Q^f ), ; = 1, . . . ,N+1, 

Y(z) = e^^ '"*("3)3i''(z);^''(z)e"*^^^'"^-^f in(s)i//^,(s)ds)ff3^ 



where, for z e U^^ (d Q^'^ ^ U O^'*^ ), ^""(z) is given by Lemma 4.6, and, for z e U^^ (d Q^'/ U Q^p, 

/Y''(z) is given by Lemma 4.7; 
(5) for z e Q^^^^ U Qfjf , ; = 1, . . . , N+ 1, 

Y(z) = e^'"*^''3'3?''(z),Y'(z)^I+e"'*"™ '/'vt'')^^ ^_je"(s'(2)+4in('')"/'v(«)'is)'J3. 



(6) forzeOf U Q^'^ ; = 1, . . .,N+1, 



Y(z) = e^ adfe)3^.(2)^.(2)(l-e*"™r^" ^''-(■^^'^^ a_)e" 



(S''(2)+4ln(s)^'^(s)ds)<j3 



Multiplying the respective matrices in items (l)-(6) above and collecting (1 1)- and (1 2)-elements, one 
arrives at, finally, the asymptotic (as n — > oo) results for 7i2n(z) and T2«(s)exp( wv(s)) ^ ^.^ ^j^^ entire 
complex plane) stated in Theorem 2.3.1. 

In order to obtain asymptotics (as n ^ oo) for {= ||7i2„(-)ll£"^ = i^^2n"^ l^tn+h^^'^^ ^^'^ </'2n(z) 
(=^|f "'712,1(2)) stated in Theorem 2.3.2, large-z asymptotics for Y(z) are necessary. 

Proposition 5.3. Let J?*^: C \ SL2(C) be the solution of the RHP {^'{z),v'^{z),Y.\;) formulated in 

Proposition 5.2 with n — > 00 asymptotics given in Lemma 5.3. Then, 

r(z) = I+l3?^'-(„) + iai;'-(„)+6)fl), 

z^oo z i Z^ \Z^ / 

where, for k = l,l, 

r^-{n):=- s'-hv':-(s)^=Y^ Resz*"'«^^(z);d 

j=l qe\V^_,A)] 

with, in particular, 

i^Y(S''(flpS^o(flp-yi^(flp2?,(flp) {■BW,_,Ki^)_d--A%by^)^(by^))\ 



31' 



r(") = -E - 



3^: 



i^'-(„) = - V - 



(5^o(^;-l))' 
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+01 



and all the parameters defined in Lemma 5.3. 

Let m"':C\}^^ SL2(C) solve the RHP {nf°{z),J'^ ,v'=°{z)) formulated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. For ei, £2 = ±1, set 



al(£i, £2, QO :=2Tli£i (^^5';^)e2ni(m,ei«';(c«)-Jin"+e.dJ+ra(™,T'm)^ 

where'a^ = (c? ,,0^ .■.=c'^,,, i=l, . . . ,N, and 

Pliei, £2, QO :=27T (TT(m,al)2+i£i(m,/^))e2™('«'^i"i(°°)-2^"'+^^'*')+™('"'^'™)^ 



i = l,. . .,N, are obtained from Equations (El) and (E2). Then, 

2^1X> Z ^ \Z^ I 

r«((x,)+d,) f 0';(i,i,nV;,(i4,o)-aL(i,i,oO0Lai,o)) 



where 



{m-h2 



1 

ii 



/N+1 



(0L(1,1,O))2 



*:=1 



r(M^^(cx,) + d,)0L(-l,l,OO 



0"KM-^Q^+d.)0L(-l,l,O) 
0^'«M+d.)0^^(l,-l,QO 



d\-u%M-^{y-d,)dUh-i,0) 



22 



,(-1, -1,Q'>L(-1, -l,0)-a';,(-l, -1,Q")0L(-1, -1,0)) 



(0';,(-i,-i,o))2 



r(«U«')+d.) 



(m^)n = (0L(l,l,nO(/^L(14,O)0L(14,O) + (aLai,O))2)-a^^(l,^ 

-3< 



-/^Jl,l,Q )(0J1,1,O)) ) +32[L(^'c-i-%) 



(<)l2 



(»i2")21 = 







(-l,l,d)-aL(- 


-i,i,nO0L,(-i,i,o)) 




ff{u%{^)-^a'+d,) 


|0L(-l,l,QVoo 


(0';,(-i,i,O))2 J 




1 


(N+l 

U=i J 


1 


N+l 

/c=l J 








ii 


V 


0L(-1,1,O) , 








r«((x,) + d,) 




aL,a-l,0)-a';,(l, -1,000^(1,-1,0)) 






(eL(i,-i,o))2 


> 



4i 



'N+l \ /N+l 



\k=i 



\k=i 



0^(1,-1,00 



0^(1,-1,0) j 



(m^)22 = (0L(-l,-l,OO(iSL(-l,-l,O)0L(-l,-l,O) + (aL(-l,-l,O))2)-aL(-l,-l,O'') 
X «L(-1, -1,O)0L(-1, -1,0)-^L(-1, -1,QO(0L(-1, -1,O))2)(0L(-1, -l,0))-3 
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ff{-u%{^)-^a-de) 32 



with {■k)ij, i, j = l,2, denoting the {i i)-element of and := (0, 0, ... , 0)"^ (e "R^). 
Let Y: C \ K^SLzCC) he the solution o/RHPl. Then, 

11 / 1 \ 

Y(z)z-""' = I+-Y'"' + -Y''°°+d- , 

z^oo z Z^ I 

where 

(Y';'°°)ii = -2n j^s./;^^(s)ds+(m^)n + (3ir(«))ii' 

(Yr)i2 = e"^^((mr)i2 + (3^r(«))i2)' 
(Y^r)2i-e-"^'((m-)2i + (3l^,'°°(n))2i), 

{Yf)22 = 2n sV^'^(s) ds + (m^)22 + (3?r("))22' 

(Y^'°°)ii = 2n^{^^^ s^'y{s)d^ -n J|^s2,/;^^(s)ds-2n((m5")ii + (3l^^'"(«))n)J^s./;'»ds 

+(m^)n+(3ir(«))ii+(3^r("))ii('«r)ii+(3^r("))i2('«r)2i' 

(Y^'"')i2 = e"^'|2n((m-)i2 + (3i^,'°°(n))i2) si/;^^,(s) ds+(m2"')i2 + (3^r("))i2 

+ (3i^,'°°(«))ii(mr)i2+(3^r("))i2('«r)22) . 

(Yr)2i = e-"'-|-2«((^-)2i + (3l^,'°°(«))2i) s^p'yis) ds + (m2"')2i + (3^r(«))2i 

+ (3?^,'°°(n))2i(mf )ii + (3?;'°°(n))22(m^)2i) , 
{Yf)22 = 2n2| si/^^^Cs) dsj +n s^^'y{s) ds+2n((m^)22 + (3ir(n))22) si/^^^^Cs) ds 

+ (?^r)22+ (3^r("))22 + (3^r("))2i('«r)i2+ (3^r("))22('^r)22- 

Proof. Let D?'' : C \ E^, ^ SL2(C) be the solution of the RHP {31' (z), v'^iz), Zp formulated in Proposi- 
tion 5.2 with n — » oo asymptotics given in Lemma 5.3. For |z| »maxy=i . ,jv+i{|^y_i-flj|}/ via the expansion 

^ = - LLo ?^"^ z'+'(s-2) ' '^^0' where se(fc^_^,flj'}, ] = !,.. ■,N+1, one obtains the asymptotics for 3?'^(z) 
stated in the Proposition. 

Let m'^:C\}^^ SL2(C) solve the RHP (m°°(z), i;°°(z)) formulated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. In order to obtain large-z asymptotics of m'^{z), one needs large-z 
asymptotics of (y''(z))=^^ and ^ ^ g"ci'"i-(2)'+^2d7'^'^ ' £i / £2 = ±1- Consider, say, and without loss of generality, 
z ^ 00 asymptotics for z e C+, that is, z — > 00+, where, by definition, V*(z) := + V*(z): equivalently, 
one may consider z ^ 00 asymptotics for z e C_, that is, z ^ oo~; however, recalling that V*(z) |'c+ 
= - V*(z) [~c_, one obtains (in either case, and via the sheet-interchange index) the same z ^ 00 
asymptotics (for m°°(z)). Recall the expression for y''{z) given in Lemma 4.4: for |z| »maxy=i, ._jv+i{|fo^_j- 

fl^ll, via the expansions ^ = - LLo ?^ + z'^C-^) ' ' ^ ^0 ' ^'^'^ In(z-s) =|z|^c=o ln(z)-^,^i i(f)'-', where 
se(fc^_j,fl^'}, i=l, . . .,N+1, one shows that 



. , . N+l .... 



/' N+l 
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\k=\ J 



whence 



and 



i4 

•7^ 



( 1 



x2\ 



V ;c=i 



1 1 

8i. 



Recall from Lemma 4.5 that u\z) := H w*" (e Jac(J/e), with J/^ := {{y,z); = Re{z)]), where co", the 
associated normahsed basis of holomorphic one-forms of J/p, is given by &)'' - {ofyOf,^, . . . , co'j^), with 
■=Lk=i':\iYlfJi\z-¥_^){z-a':))-^'h^-''dz, /= 1, .. .,N, where C^^, j,k^l,...,N, are obtained from 



a;' 



Equations (El) and (E2). Writing 

M^(Z) = 



where w+(oo) := J^, o)^ (cf. Lemma 4.5), for |z| » maxy=i^...^]v+i{|I?^_-^ via the expansions ^ = 

- LLo + j^^y I e ZJ, and In(z-s) =12^00 ln(2)- i(f )^ where s e = 1, . . . , N+ 1, one 

shows that, for ] = !,.. .,N, 

af^ = 4rdz + ^-3 'i^+^iilj' 



whence 



1 



2— »«J+ Z 



Z2 ^ lz3/ 



z z-^ \z^ I 



Defining d''^{ei, 82,^^), a^(£i,£2/^i')/ and |S^(ei,e2, O*^), £i,e2 = ±1/ as in the Proposition, recalling 
that 0)'^ = {afyCif^, ■ ■ ■,oj'j^), and that the associated NxN Riemann matrix of jS' -periods, that is, t'' - 
(T'^)i,j=i,...,N '■= ^;)!,/=i N, is non-degenerate, symmetric, and -It*^ is positive definite, via the above 

asymptotic (as z — > 00''") expansion for J^^ w^, ] = !,... ,N, one shows that 
e^(ei«^(z)-^Q^ + e24) 



where 



0^= 



e'(£iu^{z) + e2de) 
0L(ei,£-2,O) ' 

0L(ei, £2, Cl')al{£i, e2,6)-al{ei, £2, 0.')dl{£,, £2,0) 



(0L(ei,£2,O))2 

0^ - £2, Q")(rco(£i, £2,O)0L(£i, £2,0) + (aL(£i, £2,0))2)-aL(£i, £2, Ol 

X aL(£i, £2,O)0L(ei, £2,0)-|SL(£i, £2, QO(0L(ei, £2,O))2)(0^^(£i, £2,0))-^, 

with 0:= (0,0, . . .,0)^ (eR^). Via the above asymptotic (as z—> 00+) expansions for j(y''(z) + (y''(z))~^), 
^(y'^(z)-(}''^(z))~^), and ^ ^'e"fi»f(z)"+£2rfT'^''^ ' arrives at, upon recalHng the expression for ot°°(z) given 
in Lemma 4.5, the asjmiptotic expansion for m°°{z) stated in the Proposition. 
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LetY: C\]R^SL2(C)bethe (unique) solution of RHPl,thatis, (Y(z), I+exp(-«y(z))a+, ]R). Recall, 
also, that, for ze Y!^ U T'^ (Figure 7), 

Y(z) = e^ '"^^'''■^']l'{z)nf° (z)e"^^'^^''"^-''' M^W^i'') ^^^s . 

e 

consider, say, and without loss of generality, large-z asymptotics for Y(z) for z e T^. Recalling the 
definition of ^""(z) given in Lemma 3.4, that is, ^{z) := Jj ln((z-s)^(zs)~^)!/'^(s) ds, ze C \ (-oo,max{0, 

fl^^j}), for |z|»maxy=i N+iWby^-a'^jW, in particular, |s/z|<«cl with se Je, and noting that !/'y(s) ds = l 

and j| s^^yis) ds <co, me N, via the expansions jzj = - LLo ?^ + z<+^{s-z) ' ' ^ ^o' ^'^'^ In(z-s) =|z|^oo 
ln(z)-Xltli li^f' oi^s shows that 

/(z) ln(z)- ln(s)V^^^(s) cls+i|-2 1^ S!/.^^(s) ds) + l|- 52^.^^,(8) ds)+6)(l) 
(explicit expressions for J| s'^i/^'^,(s) ds, /c = 1,2, are given in Remark 3.2): using the asymptotic (as 

e " 

z— > 00) expansions for ^(2), ^R'^(z), and nf°(z) derived above, upon recalling the formula for Y(z), one 

arrives at, after a matrix-multiplication argument, the asymptotic expansion for Y(z)z~"°3 stated in 
the Proposition. □ 

Proposition 5.4. LetY: C \ SL2(C) be the solution o/RHPl with z (e C \ R) ^ 00 asymptotics given 
in Proposition 5.3. Then, 



r(2«) . 
'in 



Hi 



(-2,0 

2)1 



"2„(-)lk \H^-^f \ 2m(Y;'-)i2 



1/2 



(>0), 



where iY^'")i2 = e"^'[{m'^)n + i'X'{'"{n))u), with {m'^)i2 and {'R\'^{n))i2 given in Proposition 5.3. 



Proof. Recall from Lemma 2.2.1 that n2„(z):=(Y(z))ii and (Y(z))i2 = ]|^ n.„(s)exp( »^('^)) ^^ Using (for 
|s/z| « 1) the expansion jz; = - ZLo if^+ z'+C-zi ' ^0 ' '^"^ recalling that (712,,, z^^ = 0, ; = -n, . . . , «-l. 



and (p2n{z) - S}^'^'n2n{'z), one proceeds as follows: 



(y(z)) = -\{ n2n 



Z— >oo 

zgC\K 



2— >C<3 

2eC\K 



s s"-i s" 



(s)|l + - + ---+ — + - + ■•• |e-"^(-^'-^ 

^ M 7 ytl-l yll I 2711 



Z Z"~-^ Z' 

ds 



ds 



-(,1+1) 



+1 r .c^^" 



(2«) \ 



ds_ 
2ra 



= 0211 (s) 



= <P2„(S) 



■0(z-("^2)j 

z-(«+i) 



z<iC\R 2Tzi(5r'o^ 



r (/)2,i(s)</)2,i(s)e-"^('^) ds + 0{z-(«^2)) 



fY(z)z-'"^^) = i 

V /I2 Z 



2m(eyj 



+0 



but, noting from Proposition 5.3 that 
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upon equating the above two asymptotic expansions for (Y(z)z "'^^)i2, one arrives at the result stated 
in the Proposition. □ 

Using the results of Propositions 5.3 and 5.4, one obtains the n ^ oo asymptotics for (J^^"^ and 
(piniz) (in the entire complex plane) stated in Theorem 2.3.2. 

Small-z asymptotics for Y(z) are given in the Appendix (see Lemma A.l): these latter asymptotics 
are necessary for the results of [52]. 
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Appendix: Small-z Asymptotics for Y(z) 

c 

Even though the results of Lemma A.l below, namely, small-z asymptotics (as (C \ z ^ 0) of Y(z), 
are not necessary in order to prove Theorems 2.3.1 and 2.3.2, they are essential for the results of [52], 
related to asymptotics of the coefficients of the system of three- and five-term recurrence relations 
and the corresponding Laurent-Jacobi matrices (cf. Section 1). For the sake of completeness, therefore, 
and in order to eschew any duplication of the analysis of this paper, (C \ IR 9) z — > asymptotics for 

Y(z) are presented here. 

Lemma A.l. Let H'-.CXIf^^ SL2(C) he the solution of the RHP {'5l'{z), v'^{z), Yf^) formulated in Proposi- 
tion 5.2 with n^oo asymptotics given in Lemma 5.3. Then, 



•Tiz) =^ l+Jif{n) + Jl''f{n)z+5l':f(n)z^+0{z^), 



where, for k = l,2,3, 



N+l 



^f,(n):=f s-''wf{s)^ = -J^ Res(z"'^'^'Wz);<?), 

with, in particular, 



3lf Jn) = — } 



;=1\ 



{¥._,f(^,{if._,)r 



-o\ 



and all the parameters defined in Lemma 5.3. 

Let m"": C \ 7™ ^ SL2(C) solve the RHP {nf"{z),J'^ ,v"'{z)) formidated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. For ej, €2 = ±1, set 

0^o(£i,e2,QO-e'(£i<(O)-^Q'+£2d.), 

where uUO)= f!" o)' (0+eC+), 

a^(ei, 62, Q') --Iniei (m,a;)e2™('"'^i"^(0)-sF""+^^'^''+™("''"''"), 

wherea^ = K_i,ffo,2' ■ • ■ '<n)' ^ith^o,r= (-l)'^^(nS' \bUa'i\r''^c'j^, j-l, • ■ • ,N, where e {0, . . . ,N+1} 
is the number of bands to the right o/z = 0, 



f^l{er,e2,ay.=ln (iei(m,S)-n(m,a^o)'} 



^^ni(m,£iU%(a)-^Q'+e2ile)+Tii(m,T'm) 



wheref, = {pi^,^^^ p^^), loith fi^. := i(-l)^^(nf=t' l^'ti«II)"'^'('^;N-i + 5^;n iS'(K)"' + 

i = 1, . . . ,N, where C'jj^, c''-j^_y j = ^, ■ ■ ■ ,N, are obtained from Equations (El) and (E2). Set yj^ := y'^(O) = 
{If,:ih[_^{al)-yi^ i>0). Then, 



ivhere 



m°°{z) = m°+zm°+z^m°.+0{z^), 

_ — ,n U 1 Z 



0^(1,1,0") 



0^' (1,1,0) 
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12 



. e 
. e 

n, 



0\ _ 







-1 ^ 


0^(-i,i,n ) 


e {u'^{co)-j:^Ll +de) 




) 








-1 "\ 


0^(1,-1,00 


e\-uiM-^a'-d,) 




J 


0'o(l,-l,O) ' 


e%uii^)+d,) 




-l^ 


0^(-l,-l,QO 


d^{-Ul{^)-^a'-de) 


^7o + (yo)" 


) 


0'o(-l,-l,O) 



e'(u%ioo)+d,) ffa^(i, 1, i,o)-a;;(i, i,o)0'o(i, i, o") 



0^(M';((x,)-iLQ" + d^) 



(0^'(l,l,O))2 



12 









-i> 


















U=l ^ * ' 


0^(14,0) J 








oo)+dp) 


a^(-i,i,QO0^(-i,i,o)-a;;(-i,i,o)0;;(-i,i,QO^ 










(0^(-i,i,d)) 


2 


J 


(fo-ifo)-'] 






-1 ^ 




0^(-l,l,QO^ 




2i 




[ 8i 




U=i^ * Vi/ 


0^(-l,l,O) 


) 





0\ - 



(S)21 



e'{u%{^)+d,) 



e\-uiM-^a'-d,) 



a;;(i,-i,Q'')0^(i,-i,o)-?;;(i,-i,o)g^o(i,-i,Q'') 



(0^(l,-l,O))2 





-1 ^ 




fyo+(/o)"'l 




1 1 \ 


0^(1,-1,00^ 


^yo-(/o)" 


) 


+ 


I 8i J 


VJ:=1 ^ 




0^(1,-1,0) J 



('«;)22 



e'{uU^)+d,) p^(-l,-l,QO0^(-l,-l,O)-a^(-l,-l,O)0^o(-l,-l,QO ' 
0"(-«';M-^Q'-d.)| (0^(_i,_i,5))2 











0^(-l,-l,QO^ 






8 

> 




0^(-l,-l,O) J 



e\u%(^)+d,) 



1t.y 1, 00((«^(l, l,0))2-|3^o(l, 1,0)0^(1, 1,0)) 



X 



ff{u%{^)-^a+d,) 

alii, l,QOa^(l, l,O)0^o(l, 1,0)+)S^(1, 1, QO(0^o(l' I'O))')^^^^ 

r^+Og-'l f 1, QO0^(1, 1, 0) -a^(l, 1, 0)0^(1, 1, ' 

(0'o(14,O)) 



/N+l 



64 



16 

0;;(i,i,o") 



yiVj 1_ 

^\K)^"(^Li)^ 



0;;(i,i,o) 



K)l2 



2i 



5^(-l, 1,Q0«^(-1, 1,O)0^(-1, 1,0)+|3^(-1, l,QO(0^o(-l' 

7^-(/o)"'l , f «^(-i, 1, QOg^(-i, i,0)-«^(-i, i,O)0^(-i, 1, QQ ' 

(0^(-l,l,O))2 



/N+l 



VJc=l^ k k-1/) 



8i 



16i 



/I 1 
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64i 



f -- — 



^2^ 



0'' (-1,1,0) 



"n'-^M ^^' "^X(«o(l' -1.0))^-|S^(l, -1,0)0^(1, -1,0)) 



-a%{\, -l,QOa^(l, -1,0)0^(1, -l,0)+|3'o(l, -\,Q')(Q%{\, -1,0))^)- 



70 -(/q)" ^^ 
2i 



'N+l/^ 1 
l i:=l \ J: 



(9'-(l-l,0))3 

{ mi, -1, QO0;;(i, -i,o)-a^(i, -1,0)0^(1, -1, qo^ 







Si 



,f\-i \ 



(0^(1,-1,O))2 



vv 



16i 



("2^)22 



64i 

0''(Mt(oo) + d,) 



I t-=1 \ *: I'-l 



0;;(i,-i,Q'') 



0;;(i,-i,o) 



-((0'o(-l, -l,QO((^^(-l, -l,0))2-/5^o(-l, -l,O)0^(-l, -1,0)) 



0"(-<M-^Q'-d,) 
■a^(-l,-l,QOa^(-l,-l,O)0^o(-l,-l,O)+|S^(-l,-l,QO(0^(-l,-l,O))2) 



(0'„(-l,-l,O))3 



\k=l ^ 



( a-J-l, -1, QO0'n(-l, -l,0)-a;;(-l, -1,O)0''(-1, -1, QOl 



k-l 



yo-(yo) 
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x2x 



(0^o(-l,-l,O))2 
16 

V 

0;;(-i,-i,QO 



i(-i,-i,o) 



roif/j (*),y, i, i = l,2, denoting the (i i)-element of ★, and := (0, 0, ... , 0)'^ (e R'^). Sef 



(Qo)ii := 
(Q^)i2 := 
(Qo)2i := 
(Qo)22 := 

(Qi)ii := 
+ 

+ 

mil := 

+ 

(Qi)22 := 
+ 

+ 

(Q^)i2 := 



mO)ii(l + V))n) + (3i;'''(n))i2(m0)2i, 
mO)i2(l + (3^^' V))n) + (3^;'''(«))i2(»^°)22, 
m0)2i(l + (3?^'V))22) + (3^^'°(n))2i('^0)n, 

^°)22(l + (3?^'°(n))22) + (3^^'°(n))2l('^0)i2, 

;;)ii(l + {3if{n))n) + (3^^'°(n))i2(m;)2i + {3if{n))n{ml)n 

m[)u{l + {^f{n))n) + (3^;'°(n))i2(m0)22 + (3?f (n))ii(m0)i2 
:3?f(n))i2(m0)22, 

m;)2i(l + (3?;'°(n))22) + (3?;'°(n))2i (m?)n + (3?f («))2i(;«°)ii 
:3?f(n))22(m0)2i, 

'«;)22(l + {^^\n))22) + (3^;'°(n))21 (m;)i2 + (3?f («))2l('«°)l2 



:3?f(n))22«)22. 



!)ii(l + (3?;;'°(n))n) + (3^^'°(n))i2(m0)2i + i3if(n)Mm°)n 



:3if(n))i2(m;)2i + (3lf(n))ii(m0)n + (3^f(n))i2(m0)2i, 
:mO)i2(l + (3?^'°(n))n) + (3^;'°(n))i2(m0)22 + (3?f («))ii(m;)i2 
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+ (3?f (n))i2(^;)22 + (3?f («))ii(m°)i2 + (3if (n))i2(m°)22, 
(Q^)2i :={m°)2i(lH^f{n))22)Hr^^n))2i{m^^^^^ 

+ (3?f(n))22(m0)2i + (D?f(n))2i(m°)ii + (3if(n))22{m0)2i, 
m22-.= {ml)22(lH^f{n))22)Hrfin))2i{^^^^^ 

+ (n))22(m;)22 + (3?f («))2l('^°)l2 + (3lf (n))22(m0)22. 



Let Y: C \ ]R^SL2(C) be the solution o/RHPl. Then, 



where 



Y(z)z«"' = +zYf +z2Yf +C)(z3), 

2^0 U J- ^ 



(Yo°)l2 = (Qo)l2e"^'''"^^' MM)^'',(s)ds-2nij;_,^^^ Vv(.^)ds)^ 
(Yo''')22 = (Qo)22e"^"*-'''- '"'I'l^''''^*'^ lniR+ ^s)^ 

(Yf )ii = ((Q^)n-2n(Q^)n j|^s-V^^(s)ds)e^<'"W^(-')'^-'^^^ 

(Yf )l2 = ((Q^)l2 + 2n(Q^)i2 S-V^y(s) dsje"(^'-^i ln(|s|W/,(s)ds-2™4„,^ ^.,(.)ds)^ 



(Yf )2i = l(Q^i)2i-2n(Q^o)2i 



-2«(j;__ ln(|s|)./.'^,(s)ds+i7i ^'^,(s)ds) 



(Yf )22 = |(Q^i)22+2«(Q^o)22 j|^s-V^^(s)ds)e 
(Yf)ii =^(Q^)ii-2«(Q^)ii j|^s-V^y(s)ds + (Q^)n 2n2| g-^^yCs) ds 

(Yf )i2 = |(Q^)i2+2n(Q^)i2 s-^xp'y{s) ds + {Ql)u^2n^i^J^ s-'fy{s) ds 

(Yf )2i = ^(Q^)2i -2n(Q92i s-^vis) ds + (Q^)2i^2n2| s-V^^(s) ds) 
- n s-2^^^(s) ds))e-"(''-'-t>(l*^'^(^''*^-'™ln«, 

(Yf )22 = |(Q^)22+2n(Q^)22 s-'fy{s) ds + {Ql)22^2n'i^J^^ s-V'^(s) ds) 
+ n s-^fy{s) ds))e-'"(l i"(l*^''v(^)d«^-ln., 



Proof. Let D?'' : C \ E^, ^ SL2(C) be the solution of the RHP (3?"(z), v'^{z), Zp formulated in Proposi- 
tion 5.2 with n—>oo asymptotics given in Lemma 5.3. For |z|«;miny=i jv+iilby-^-fl^-l}, via the expansion 

i = - Lk=o Jn- + si*^z-s) ' ^ ^ ^0 ' where se{¥._^,a''j], j = l, . . . ,N+1, one obtains the asymptotics for Ji'iz) 
stated in the Proposition. 
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Let m°° : C \ SL2(C) solve the RHP (m°°(z), J"^ , v°°{z)) formulated in Lemma 4.3 with (unique) 
solution given by Lemma 4.5. In order to obtain small-z asymptotics of nf°{z), one needs small-z 
asymptotics of {y^z))^^ and ^ ''^ff(!i^u'(i)^E^d)^'^ ' £i/ £2 = ±1- Consider, say, and without loss of generality, 
z — > asjnnptotics for z e C+ (designated z ^ 0"^), where, by definition, V*(z):= + V*(z): equivalently, 
one may consider z asymptotics for z e C- (designated z 0~); however, recalling that V*(z) \c+ 
= - V*(z) |'c_, one obtains (in either case, and via the sheet-interchange index) the same z — > 
asymptotics (for m°°{z)). Recall the expression for ^/(z) given in Lemma 4.4: for |z|^miny=i^ .^jv+i{|b^'_j- 

a'.\], via the expansions jzj = - LLo ^ + s'^^Ls) ' ' ^ ^O' ^^'^ ln(s -z) =|z|^o ln(s) - E^i |(f )^ where 
se y= 1, . . . ,N+1, one shows that, upon defining y''(0) as in the Proposition, 



(/(z))^i = (y^) 



/ - N+l 



;c=i 



a', b] 
+0{z') 



+ Z2 ± 



k=l \ fc / J 

3 



1 J ^ 



whence 



/ z^0+ Z 



N+l 



+ z 



16 



N+l/ ^ ^ 

E (^"(bfT 



/N+l 



y --— 

(;c=i \ i- /c-i/; ^ 



1\ 



0{z\ 



64 



-lA 



and 



l(/(z)-(/(z))-i) 



^ (ro-(/o)"^) ,i/o+(yo) 

z^o+ 2i ^ 8i 



+ Z 



16i 



I J:=l \ k k-1 



k 

2\ 



=1 ^ 

+0{z^). 



N+l/^ 1 
c=l \ /c fc-1 



N+l, ^ ^ 

2^((^Jn2~(bf~ 



7o-0'o)"' 
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Recall from Lemma 4.5 that m''(z) := H <y'' (e Jac(J/e), with J/^ := ((y,z); = Re(z)}), where co", the 

"n+i 

associated normalised basis of holomorphic one-forms of J/g, is given by co'' - (w^, id^, . . . , CiJ^)/ with 



'■-Lfc=iC'fc(nS dz, ; = 1,...,N, where c^^, j,k = l,...,N, are obtained from 

Equations (El) and (E2). Writing 



u^(z) = 



+ <y'' = <(0)+ <y^ 



whereM';(0):= <y'', f or |zK min^=i N+iil&'.i-fl'll, via the expansions rr; = - LLo ?^+?4^''^^0' 

N+l ' ' ^ ' 

and ln(s-z)=|2|^olri(s)-Lfcli i(f)^ where se{b^_j,fl^}, k=l,.. .,N+1, one shows that, for /=1, .. .,N, 



/N+l 


-1/2 




e / 1 1 \ 

I, ;c=i \ /c-1 /c / 




V '=1 J 




c^^dz+ 


zdz+(9(z2 dz) 
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where N+ e {0, . . . , N+ 1 } is the number of bands to the right of z = 0, whence 



-1/2/ 



N+1 



'jN- 



2 L\V. 



Defining 0g(ei, £2/ ^')/ «o(^i'^2/^0/ and /^^(ei, £2/ ^'')/ £i,£2 = ±1/ as in the Proposition, recalling 
that 0)'^ = {a)'!^, cl)^, ■ ■ -/Co"}^), and that the associated NxN Riemann matrix of jS'^-periods, that is, t*" = 
(t'')/j=i,...,n '■= co'^j)i,j=i,...,N, is non-degenerate, symmetric, and -ix*^ is positive definite, via the above 

asymptotic (as z ^ 0"^) expansion for J^^ w^, j = l,. ..,N, one shows that 

-T- 7- = ro+zr, +Z ^,+C'(Z ), 

e'(£iW{z) + £2de) z^0+ ° ^ 2 V /' 



where 



F*" — 



g^(£l,£2,Q'') 

0;;(£i,e2,o) ' 



F" — 



a^(£i, £2, £2,O)-0^(£i, £2, Q'Klfi, £2,0) 

(0'o(£l,£2,O))2 

(0^(£l, £2, QO((«o(£l' £2,0))2-|S^(£i, £2,d)0^(£i, £2,0))-a^(£i, £2, 
X a^(£i, £2,O)0^(£l, £2,0) + /5^o(£l, £2, Q'')(e^(£l, £2, d))2)(0^o(£i, £2,d))-3, 

withO:=(0,0,...,0)'^ (eR^). Via the above asymptotic (asz->0+) expansions for j{y''{z) + {y'{z))~'^), 

jr(y''(z)-(y''(z))~^), and ^ ^g"£^If(z)'+£ 'd')^''' ' arrives at, upon recalling the expression for ni°°{z) given 

in Lemma 4.5, the asymptotic expansion for m'^(z) stated in the Proposition. 

Let Y : C \ SL2(C) be the (unique) solution of RHPl, that is, (Y(z), I+exp(-«y(z))a+, IR). Recall, 
also, that, for zeT{U (Figure 7), 

Y(z) = eT" ^'^("^'r (z)m°°(z)e"<^"^'^^i Ms)r,{s)ds)a, . 

consider, say, and without loss of generality, small-z asymptotics for Y(z) for z e Ylj . Recalling from 
Lemma 3.4 that g''(z) := ln((z-s)^(zs)~^)i/^^(s) ds, ze C \ {-co, max{0,fl^^j}), for |z| <«c miuy^i^ ._jv+i{|?7^_j- 
fl^l}, in particular, |z/s|<«c 1 with se Jc, and noting that i/'y(s) ds = l and s~'"i/'y(s) ds<oo, meN, via 
the expansions jrj = - ZLo ^ + sm'(z-s) ' '^^O' ^'^'^ ln(s-z)=|zHoln(s)-Lfc=i |(f )*/ one shows that 

^{z) = -ln(z)-Q,+2 f ln(|s|)i/;'^,(s)ds±2m f i/.^^(s)ds 



+ Z 



;J^s-V^v(s)ds)+z2|-J^ 



s->^^,(s)ds +0(z3). 



where Jj^j^ i/''^(s)dsisgivenrntheproofof Lemma 3.4. (Explicit expressions for j| s ''^!/'^(s)ds,fc=l,2, 
are given in Remark 3.2.) Using the asymptotic (as z ^ 0) expansions for g''(z), Dl''(z), and m°° (z) derived 
above, upon recalling the formula for Y(z), one arrives at, after a matrix-multiplication argument, the 

c 

asjonptotic expansion for Y(z)z"°^'' stated in the Proposition. □ 
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